ON AN INTEGER SEQUENCE RELATED TO EULER’S FORMULA
FOR THE STIRLING NUMBERS OF THE SECOND KIND

SELA FRIED'

Let k,m and n be three nonnegative integers. We define

o= 5 (M i

, m! )
=0

It may be shown that the following recursion holds:
Umnk = (k + m)am,nfl,k + Am—1,nk, (1)

with initial values ag 1 = k" and an 01 = 1.
Forn > 0and 0 < k£ < n let {Z} denote the Stirling numbers of the second kind.

Recall that (e.g., [1, (6.3)])
T SR

We prove the following result, establishing two of the three conjectures stated in
A372118 [3] and correcting the third conjecture.

Theorem 1. (1) For fized m and k, the generating function A, x(x) for the numbers
Qi 1S given by
k+m 1
A = :
#(@) 211 1 -z
(2) For fited m and n, the exponential generating function B, ,(x) for the numbers

Qo ke 45 given by
o= (k+m\ [n+m
Bn(x) =e E ( . ){k+m}xk.

k=0

(8) We have

n

w2 SO

=0
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Proof. (1) Multiplying (1) by 2", summing over n > 1 and adding a,, 0x = Gm-10k =
0 to both sides, we obtain

n n n
E mnkx” = (k+m) E -1 kX" + § A1 kX"
n>0 n>1 n>0

Writing this equation in terms of the generating functions, and solving for A,, x(z),

we have
1

A, =

LG ey e
from which the assertion immediately follows by induction.

(2) Multiplying (1) by ¥ /k! and summing over k > 0, we obtain

Zam,n,kxk:xzamn 1,k k 1+mz Qm,n—1,k k+zam 1,n,k k'
! (k
k>1

k>0 k>0 k>0

Am—l,k (.CI?),

Writing this equation in terms of the generating functions, we have

d
Bun() =
o) =

Assume that the assertion holds for every m,n > 1. Thus,
d xn% E4+m\ [n+m—1] ,
Bmn(w) = %( Zo( m ){ k+m }:17
xn E4+m\ (n+m—1) , . ~=(k+m—1\[n+m-1) ,
me s (U e (s
(( 2=
x
m—1
n—1
. E+m—1 E+m—1 n+m—1
[
k —1
+(kz+m)( +m){n+m ka
m E+m

n—+m — (k+m n+m-—1 n+m—1 k
=e” "+ e” (k+m) + x
m =~ m kE+m E+m—1

Binn—1(x) + mByn-1(2) + Brno1,0().

(3) The identity is a special case of [2, (9.26)].
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