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Let £ and n be two nonnegative integers, and let m be a natural num-

ber. Denote by aif,’,‘f) the number of integer points (xy,...,x,,), such that
maxi<;<m |2;| < kand > " |z;| = n. For fixed k and m, denote by A,(fm) (z)

the generating function for the numbers amg.

The purpose of the note is to prove the following result, which we shall
use to prove a conjecture stated in A371835 [1].

Theorem 1. We have

k m
A () = <1+2in) . (1)
i=1
Proof. For m = 1, we have

1, ifn=0;
aﬁ,)g: 2, if1<n<k;

0, otherwise.
Thus, (1) holds in this case. Assuming that (1) holds for m > 1, we have
m+1
m+1 i(m ALY\ g
afm,k ) = Z 2 ( ; )afm—ik,k—)r
=0

Multiplying both sides of this equation by 2" and summing over n > 0, we
obtain

A1) _mH gyi (M1 A(m+1-i)
k (z) = 2(237 ) ; 1 (@)

=0

*The author is a lecturer in the Department of Computer Science at the Israel Academic
College in Ramat Gan.


mailto:friedsela@gmail.com
https://oeis.org/A371835

By the binomial theorem the right-hand side of (2) is equal to

E—1 m—+1 k m—+1
<1+22$j+23:k) :<1+229ﬂ> ,
j=1

j=1
and the proof is complete. O
Denote by b ) the number of integer points (z1,...,%,), such that

mMax <j<m |Ti| < k: and > ", |z;] < n. For fixed k and m, denote by
B,gm)( ) the generating functlon for the numbers b%g. Clearly, B,(Cm) (z) =

A,gm) (x)/(1 — x). The following result extends and validates the conjecture
in A371835.

Corollary 2. For m = 3 we have

Eooa\?
<1 +2) 0 xz)

B® _

r (@) 1—=»

In particular,

(3

bk =
4n3 + 6n2 + 8n + 3, if 0 <n<k;
12k3 — 36k°n + 36kn? — 8n3 + 6n% + 6k + 2n + 3, if k <n < 2k;
—84k3 + 108Kk>n — 36kn? + 4n3 — 72k% + 72nk — 12n? — 6k + 8n + 3, if 2k < n < 3k;
24k3 + 36k* 4+ 18k + 3, if n > 3k.

Proof. We have
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—8$3k+3 + 12I2k+3 + 12x2k+2 _ 61’k+3 _ 12xk+2 + 1,3 o 6xk+1 + 31.2 +3x+1
(1—a)!

_ Z (n + 3) ( _ Qpt3kEB 4 (9ant2kt3 4 (9 nt2kt2 _ g ontht3

n
n>0

. 12$n+k+2 + $n+3 o 6xn+k+1 + 31,77/4-2 _|_ 3$n+1 + .Tn) ]

It follows that, for 0 < n < k, we have

+1 n+ 2 n+3
bg): n n
<3)+3( N s(" ) (M

_4n3+6n2+8n+3
— 3 ]

For k < n < 2k, we have
—k n—k+1 n n—k+2
¢ = —6( " —12 —6
ok ( 3 3 3 3
43 n+1 43 n+ 2 L n+3
3 3 3
12k3 — 36k*n + 36kn?® — 8n® + 6n° + 6k + 2n + 3
— 2 :

For 2k < n < 3k, we have
— 2k n—2k+1 n—k n—k+1

b — 19" 12 —6 —12
ok ( 3 )7 3 3 3

N n _6 n—k+2 43 n+1 L3 n+2 n n+3

3 3 3 3 3

_—84k:3+108k52n—36k’n2+4n3—72k2+72nk—12n2—6k:—|—8n+3
— 3 )

Finally, for n > 3k, we have
— 3k n — 2k n—2k+1 n—=k
p® — _g(" 12 12 —6
s () (M) () ()
n—k+1 n n—k+2 n+1 n+2 n+3
— 12 —6
()G o) () (1) + (1)

= 8k3 + 12k + 6k + 1. O



References

[1] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences, OEIS
Foundation Inc., https://oeis.org.

[2] B. Bajnok, Additive Combinatorics: A Menu of Research Problems,
Chapman and Hall/CRC, 2018.


https://oeis.org

