Tilings of a m X n rectangle using dominos, 2 X 2 plates and/or 2 X 2 right triangles.

1) Cases

Case 1: Only dominos

Case 2: Dominos and plates

Case 3: Dominos and triangles

Case 4: Dominos, plates and triangles

2) Successive profiles

Any profile can be described by the base 2 representation of a number0,..,2™ — 2.

The profile 2™ — 1 = (11 ...1) is equivalent to the profile = (00 ... 0) on the following next
level, see fig. 3, and must be considered separately.

Example for m=5:

A5 X4 wall is tiled bottom-up with dominos:

There is one way to generate the transition 4 — 24. This can be described by the matrix
element M(24,4) = 1. If also plates are used (case 2), there are two ways, M(24,4) = 2:
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Generally, a transition p — q is allowed if the profiles have no “1” at the same position and if
all zeros in p + g occur in blocks of even length. Examples (see above):
(00100)+(11000)=(11100), (11000)+(00001)=(11001), (00001)+(00000)=(00001).

3) Multiplicity of a block of ones (1-block)

The number of ways a 1-block can be generated will be called its multiplicity.

In the example above, the multiplicity of a block with two ones is 1 (case 1) or 2 (case 2):
f(1,2) =1, f(2,2) = 2.Case 3: f(3,2) = 3and case 4: f(4,2) = 4.

The multiplicity is defined by a recurrence:

fle,k)=f(c,k—1)+(c—1) f(c,k —2)with f(c,0) = f(c,1) =1.




Explicitly:
f(1,k)=11,1,.
f(2,k) =1,1,2,3,5,8,13, ... Fibonacci numbers AO00045
f(3,k) =1,1,3,5,11,21, ... Jacobsthal numbers A001045
f(4,k) =1,1,4,7,19,40, ... AO06130
For profiles with more than one 1-block, the multiplicities of the blocks have to be multiplied.
Example: The multiplicity of the profile 55 = (110111) is
f(c,2)-f(c,3)=1,6,15,28 for ¢ = 1,2,3,4.

4) Matrix elements and transformation

If i— k is allowed, M (i, k) is the multiplicity of k, otherwise M(i,k) = 0. Let v(n, k) be the
frequency vector of the profile k,0 < k < 2™ — 2 in step number n such that v(n, 0) = a(n).
The matrix M (i, k), however, is not sufficient to describe the transformation because there is
a transition 0— 0 taking two steps at once. Example:
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0 0 0 0 For m digits, the multiplicity for this transition is f (c, m).

Example of a complete transformation for m=2, c=3, f(3,2) = 3:

v(n,0) (1 0 0) v(n —1,0)

v(n, 1) 0 0 1 vin—11) |,v(n,0) = v(n,0) + 3 -v(n-—2,0)
v(n,2) 0 1 0 v(in—1,2)
v(—1,0) 0 v(0,0) 1
with| v(-1,1) | = <0>, v(0,1) | = <0>
v(—1,2) 0 v(0,2) 0

Result: v(n,0) = a(n) = 1,1,4,7,19,40, ... AO06130.

5) Profile and matrix reductions
a) First reduction omitting redundant profiles

1 1 4 7 19
In the last example, the sequence {v(n, 0)}is (0), <0> , <0> ) <0>, ( 0 ),
0 0 0 0 0

Only the profile 0=(00) occurs (see fig. 3) and the profiles 1=(01) and 2=(10) are redundant.
Therefore, the recurrence can be simplified: v(n,0) = a(n) =a(n —1) + 3-a(n — 2).
Generalization:

Let r be the number of ones in the profile p and let ¢ = p mod 3.

It is sufficient to consider profiles p with ¢ < m mod 2 and q = r mod 2 (first reduction).
The proof for odd m is given in A360799. There is a corresponding (easier) proof for even m.




Example: Transformation matrices for m=3

Without reduction using all First reduction using the Second reduction using the
profiles 0,1,2,3,4,5,6 profiles 0,1,3,4,6 profiles 0,1,3 and the mirror
0O 1 0 0 1 0 O profiles 0,4,6
1 0 0 0 0 0 1 0 1 0 1 0
1 0 0 00 1 0 1.0 0 0 1 0 2 0
0 000300 lo o0 3 of <101>
1001000 1010 0 0 3 0
0O 01 0 0 0 O 03 0 0 0

b) Second reduction using mirror symmetry.

Form =3: 3=(011),6 = (110) » mir(3) = 6 and mir(0) = 0, mir(1) = 4

Rule: If p can follow either g or mir(q), the corresponding matrix element is the multiplicity of
p. If p can follow both profiles, the matrix element must be doubled.

Example (see above): M(1,2) = 2. The profiles are prof(1,2,3) = 0,1,3. prof (1) = 0 can
follow prof(2) = 1 and mir(1) = 4. The multiplicity of 0 must be doubled, see above.
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With these rules, the number of profiles as well as the matrix size can be reduced.

Number of profiles | m=1 | m=2 | m=3 | m=4 | m=5 | m=6 | m=7 | m=8 | m=9 | m=10

without reduction 1 3 7 15 31 63 127 255 511 | 1023

with 2™ reduction 1 1 3 4 11 13 37 42 131 | 141

1023
For m=10, the number of matrix elements is reduced by the factor ( " ) = 52.6.
However, the number of matrix elements still increases exponentially with m.




