Proof that A355641 consists of all numbers
divisible by at least one of 5, 6, 8, 9, 14, 21.
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If  is divisible by 5, then k is in the sequence because k= 5 + 5 + 5 + 5 + 5 exhibits £ as the
sum of 5 divisors of &k and thus a member of A355641.
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If k is divisible by 6, thenk—? 3 + 3 + 5 + 5
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If k is divisible by &, thenk—z Z+Z+ 2 + g -
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If k is divisible by 9, thenk—? EY + 9 + 9 + 9
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If k is divisible by 14, thenk—? 7+7+ 7 + T
k k k k k
If k is divisible by 21, thenk—? ?+7+ 7 + T

Conversely, to show every member of A355641 is divisible by at least one of those six numbers, we
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variables in terms of the previous ones, and enumerate all solutions [a, b, ¢, d, e] using the following
Maple program.

> R:= NULL:
for a from 2 to 5 do
x:= 1-1/a;
for b from max(a,ceil(1l/x)) to floor(4/x) do
y:= x-1/b; if y = 0 then next fi;
for ¢ from max(b,ceil(l/y)) to floor(3/y) do




z:= y-1/c; if z = 0 then next fi;
for d from max(c,ceil(1/z)) to floor(2/z) do
w:= z-1/d; if w = 0 then next fi;
e:= 1/w; if e::integer and e >= d then R:= R, [a,b,c,d,
e] fi
od od od od:
nops([R])
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It turns out there are 147 solutions witha < b < ¢ < d < e. Each corresponds to a possible pattern
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k
k= " + " + - + " + N for writing k as the sum of 5 of its divisors which works when £ is

divisible by each of a, b, ¢, d, e. We look for solutions that do not have the property that at least one of
a, b, ¢, d, e is divisible by at least one of 5, 6, 8, 9, 14 and 21.

> remove (t -> member (0, t mod 5) or member (0, t mod 6) or member (0,
t mod 8) or member (0, t mod 9) or member (0, t mod 14) or member
(0, £t mod 21), [R]);

[[2,3,11,22,33]] 2)

There is one such solution, but in order for this to work for k£, & must be divisible by 2 and 3 and thus by
6.

For those who wish to check out the full list of solutions, here they are:
R

[2,3,7,43, 18061, [2,3, 7,44, 924], [2, 3, 7, 45, 630], [2, 3, 7, 46, 4831, [2, 3, 7, 48,3361, [2,3, (3)
7,49,2941, [2,3, 7,51, 2381, [2,3, 7, 54,1897, [2, 3,7, 56, 168], [2, 3, 7, 60, 1401, [2, 3, 7,
63,1261, [2,3,7,70,105], [2,3,7, 78,911, [2,3, 7, 84, 84], [2, 3, 8, 25, 600], [2, 3, 8, 26,
3121, [2,3, 8,27, 2161, [2,3, 8,28, 168], [2, 3, 8, 30, 1207, [2, 3, 8, 32,961, [2, 3, 8, 33, 88],
[2,3,8,36,72], [2,3,8,40,60], [2,3,8,42,56], [2,3, 8,48, 48], [2, 3,9, 19, 342], [2, 3,9,
20,1807, [2, 3,9, 21, 126], [2,3,9, 22,991, [2,3,9, 24, 721, [2, 3, 9, 27, 54], [2, 3,9, 30, 45],
[2,3,9,36,36], [2,3, 10, 16,2407, [2, 3, 10, 18, 90], [2, 3, 10, 20, 601, [2, 3, 10, 24,401, [2,
3,10,30,30], [2,3, 11, 14,231], [2, 3, 11, 15, 1101, [2, 3, 11, 22,331, [2, 3, 12, 13, 156, [2,
3,12, 14,841, [2,3, 12, 15,601, [2, 3, 12, 16, 481, [2, 3, 12, 18, 36], [2, 3, 12, 20, 30], [2, 3,
12,21,28], [2,3, 12, 24,241, [2,3, 13, 13, 78], [2, 3, 14, 14, 42], [2, 3, 14, 15, 35], [2, 3, 14,
21,217, [2, 3,15, 15,30], [2, 3, 15, 20,201, [2, 3, 16, 16,241, [2, 3, 18, 18, 18], [2, 4, 5, 21,
4201, [2, 4, 5,22,220], [2,4, 5,24, 1201, [2, 4, 5,25,100], [2, 4, 5, 28, 70], [2, 4, 5, 30, 60,
[2,4,5,36,45], [2,4,5,40,40], [2, 4, 6, 13,1561, [2,4, 6, 14, 84], [2, 4, 6, 15, 60], [2, 4, 6,
16,481, [2, 4, 6, 18,36], [2, 4,6, 20,301, [2,4, 6,21, 28], [2, 4, 6, 24, 24], [2, 4,7, 10, 140],
[2,4,7,12,42], [2,4,7, 14,28], [2,4,8,9,72], [2,4, 8, 10, 40], [2, 4,8, 12,241, [2, 4, 8,
16,161, [2,4,9,9,36], [2,4,9, 12, 18], [2,4, 10, 10,207, [2, 4, 10, 12, 15], [2, 4, 12, 12, 12],
[2,5,5,11,110], [2,5,5,12,60], [2, 5,5, 14,351, [2, 5, 5, 15,307, [2, 5, 5, 20, 20], [2, 5, 6,
8,120], [2,5,6,9,45], [2,5,6,10,30], [2,5,6,12,20], [2,5, 6, 15, 15], [2,5, 7,7, 701, [2,
5,8,8,20], [2,5, 10,10, 10], [2,6,6,7,42], [2, 6, 6,8,24], [2,6,6,9, 18], [2,6, 6, 10, 15],
[2,6,6,12,12],[2,6,7,7,211,[2,6,8,8,12],[2,6,9,9,9], [2,7, 7,7, 14], [2, 8,8, 8, 8],
[3,3,4,13,156], [3, 3,4, 14, 84], [3, 3,4, 15,601, [3, 3, 4, 16, 48], [3, 3, 4, 18, 36], 3, 3, 4,



20,307, [3,3,4,21,28], [3,3,4,24,24],[3,3,5,8,120], [3,3,5,9,45], [3,3, 5, 10, 30], 3,
3,5,12,201, [3,3,5,15,15], [3,3,6,7,42], [3,3, 6, 8,24], [3,3,6,9, 18], [3,3, 6, 10, 15],
[3,3,6,12,12],[3,3,7,7,211,[3,3,8,8,12], [3,3,9,9,9], [3,4,4,7,42], [3, 4,4, 8, 24],
[3,4,4,9,18], [3,4,4,10,15], [3,4,4,12,12], [3,4,5, 5,601, [3,4, 5, 6,207, [3, 4, 6, 6,
121, [3.4,6,8,8],[3,5,5,5,15], [3,5,5,6,10], [3,6,6,6,6], [4,4,4,5,20], [4, 4,4, 6,
12], [4,4,4,8,8],[4,4,5,5,10], [4,4,6,6,6],[5,5,5,5,5]
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