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The triangle for the Binomial Coefficents is the father of o
family of numericel triungles. Jack Ramsay, consultant in the
Depurtment of Radar Systems, shows how some of these tri-
angles have application to the theory of urray antennas.

(N ARITHMETICAL TRIANGLES

Bladee Pascal (162316620, French scien
tist and writer an eligion, (v credited with
the construction of the first dighal culeus
lating  mavkine.  He s better  known,
lowever, Tar his famous "Arithametical Tris
angle™ for the Woomial Cooffictems pubs
Helivdd posthumonsly In 1685, %00 years
ago, aml shown below:
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Each numbizr i the sum of the two inn
modiately  shove it 1aking  reres  ahaye
whin o sembier exist, The nombers ary
e detachel vorflicients in the expansion
al 1 4 oxim

Early e the present centiry ol Stone
bt Unliedd Syates pointed out that by
applying the binomial coofficients 1 (he
wmplitudes of -an antenna array, the minos
lobss conlil b pliminated, The associatod
Leam Droadesing 15, howeser, (inscerpts
alles I the 1930% analvtical work In the
Uited =tares amd Eoggland estallistiod that
benms sharper than hivomial bhegnw coohl
b abitained with soal) idnor Johss T
wonssial, Ouadeinomdal, Culuguenonal, e,
thint 1w, “Multinomial ™ coeficients describo
s amplitude excitatinons. Selection of« an
eppropeiate moltinomdel set wounld provide
o relation hotween beamwidth and minm
John lovel, Thiv work was superseded when,
ehortly alterward, Livurenan € L. Dalph
of the LILS, Nuvy wnnouseod his remark
ible theoren an the existence of aptinning
array cooffivimmte, The foutrinsie interest of
tha maltinomial corficionts, hawever, wd
the relatively unfamiliar arithmetical o
angles they Jed to, suggested the pessen
note,

The Trivomlal Trlangle porteays the (e

tiched eonfhiokents  uf  the  oxpansion
CL x4 2" und bas the form
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Eaeh number 1o the sum ol the thres jm
wvdiately ghoye it

Thy Quadrmomal Trisngle applying 10
Lo x4 2 ke the bstitiad loem

aml 20 on, each mumber being the sum of
the foar alipve it

The radurion patterns of arrave having
imeltiomiand corlficionts are, with
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o wntenna theary, the antiphese aperturo
plays as important g role as the equiphase
uperture;  the  excltation  coefficients  pre
then antisymmcteical [unctions instead of
wymmetrical fenetions, I, bn o multinoms|
tebangle, e vertieal axis of symmetry con
Lithns zerus, with the corfliclomts to the right
being poxitive nnd those (o the Ioft heing
negstive, antistmmertical or "odd” patterns
e generated by arrays given these e
plase  coefficlents, Such  patterys
ean be regarded s produced by triangles
obtamed by multiplying vach row of «
midtimambal drianghe by o step ogwetor,

veseed

It o wultinemial tiangle b apernted
npen by a linear operator, Fouriar trans
form Aheory  declares that the  esnlting
wibenng pattern will b the derivativie w
slope ol the arigioul pattern Capsider the
potipieese Binomaad triamede of the form
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where again cach mamber (o the sum of the

two above It The resulting radiation pate

wrne ean e compated with the corresponils
ing hinamial patterns,

SYMMETRICAL PATTERNS
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ANTISYMAMLTRICAL “SLOPE"
PATTERNS
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Thiss the ol lanetions wre (e derivatios
of the even functions divided by n; the
antiphase (riangle may be ealled o Uslope
proerating trmngle.”

Thie slope gencrating triangln for a trl:
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In the secoml row n=2 aml the even
pattern of tlie equiphase  tinomial (e
anple
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Bt e pattern due to =1 —3 011 v
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which i the slope pattenn divided by 4

Wao conchude with the statt of the slope
genoriting driahgle for el rinomsial urrays
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obtabned by alding b (ours foc each oo
eifieiont e o the symmwtrical  quadris
nomtal irangle,

The examples of numorical triangles show
Both the stmplicity amd the wiitley of these
sasesiial aathetnaticn] forme i the antennn
wrray  context. 1t woudd Do mteresting 0
kw  whether the ariangle teckinique sp
plies further to more  pwdern antenna
apertuge synthesis, Doubtless the triangles,
whether ae tmerienl, algobraio or con
plex matrioss, bave significance m - proh
ability theary, spootrat theory or ln disie
bsthon theary generally,



