
Notations:

• νp(N): the p-adic valuation of N , i.e., the highest power of p dividing N ;

• Φk(n): the k-th cyclotomic polynomial evaluated at x = n;

• µ(): the Möbius function;

• ords(n): the multiplicative order of n modulo s.

Let p be a prime, then it is natural to ask: when does Φk(n) has p as a prime factor? Since Φk(n)|(nk−1),
there’s no chance if p|n. Therefore, we can suppose p - n.

Theorem. Let p be a prime. Suppose that p - n, write λ = ordp(n), then p|Φk(n) if and only if k = peλ.
Moreover, if e > 0 and k ̸= 2, then p2 - Φk(n).

Proof. Recall that for p not dividing d, if p > 2, then
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It is easy to see νp(Φk(n)) > 0 if and only if k = peλ. In fact, if e > 0, then
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1, (p, e) ̸= (2, 1),

ν2(n+ 1), (p, e) = (2, 1),

which means that p2 - Φk(n) if e > 0 and k ̸= 2.

Corollary. (i) Let p be a prime factor of Φk(n), then either p ≡ 1(mod k) or p is the largest prime
factor of k.

(ii) Given k > 1, let p be the largest prime factor of k, then gcd(k,Φk(n)) = p if p - n and k/ordp(n) is
a p-power, 1 otherwise.

Proof. (i) Write λ = ordp(n). If p - k, then k = λ|(p− 1) =⇒ p ≡ 1(mod k); if p|k, then k = peλ =⇒ p

is the largest prime factor of k.
(ii)

gcd(k,Φk(n)) > 1

⇒there exists prime p such that p|k, p|Φk(n)

⇒p is the largest prime factor of k, p - n and k/ordp(n) is a p-power

⇒p| gcd(k,Φk(n))

⇒ gcd(k,Φk(n)) = p since p2 - Φk(n) unless k = p = 2, in which case p2 - k.
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