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1 Introduction

A number k& which is not a multiple of 10 is called porous if every number m
that fulfills these 3 requirements:

e k|lm
o k|rev(m)
e the sum of the digits of m = k

must have at least one digit which is a zero. rev(m) is the number m reversed
(e.g. m = 123, then rev(m) = 321). If no m exists then the number % is not
porous. The numbers are called porous because when you "open” them with
any m, there are always voids in m.

2 List of non-porous numbers

By definition all multiples of 10 are non-porous. In fact, rev(m) has a number
different from 0 at the end and hence is not divisible by k£ and no m exists at
all that could fulfill the 3 requirements.

For all other numbers a computer program was executed to find an m not
containing any zeros and fulfilling the 3 requirements. For k& smaller than 200,
the results of the sequence A333666 were taken if m did not contain any zero. If
they had a zero, the search was extended until an m without a zero was found.
For k larger than 200 most of the m were found by concatenating palindromes
of length up to 10. For example: p; = 6498946 is a palindrome which fulfills
202 | p and since it is a palindrome it also fulfills 202 | rev(p). The sum of the
digits of p; is 46. po = 25452 is a second palindrome that also fulfills the same
requirements. The sum of the digits of py is 18. Since 202 = 4 x 46 + 18, we con-
catenate 4 times p; with ps and the result 649894664989466498946649894625452



is the m we were looking for.

The search was automatised and for most numbers an m was quickly found
except for multiples of 37, 101 and 121 which still had to be treated " manually”.
A file containing an m for all non-porous numbers for &£ up to 1000 was produced.
The steadily increasing number of possibilities to construct an m for a given k
suggests that the 5 numbers which are studied in the next chapter might be the
only porous numbers. But a mathematical proof for this conjecture seems a big
challenge.

3 List of porous numbers

A brute force method to prove that a number is porous is to test all possible
numbers m that have a sum of digits k£ and that do not contain a zero if both
k and rev(k) are divisible by m. For k = 11 there are just 1021 numbers to be
tested (1021 = A104144(19), there is an offset of 8 in this sequence). For k = 37
we get already 66 billion candidates, which is still doable, but at the latest for
k = 74 the number of possibilities of 8.8e21 is exceeding normal computing
powers. Instead analytical reasoning will bring the proofs.

3.1 Proof that 11 is a porous number
Let "mg_1...m3maomimg” be a number m with s digits. We define:

A:m0+m2+m4+ ey
B:m1+m3+m5+

A divisibility rule for 11 requires that the alternating sum of the digits must
be divisible by 11. Hence:

A-B=3j-11 (1)
Since the sum of the digits is 11, we have
A+B=11 (2)
Adding eq. 1 and 2 yields
2A=(G+1)-11

therefore A must be 0 or 11. If A is 11, then B is 0. This means either A or B
must be zero and m must contain a zero. Hence 11 is a porous number.

3.2 Proof that 37 is a porous number

Let "ms_1...m3mamimg” be a number m with s digits. ms_1 is not allowed to
be zero. We define:



A =mg+m3+mg+ ...,
B =mi;+mq4+mr+ ... and
C =mg+ms+ mg+ ...

When 10° (i > 0) is divided by 37, the remainder is either 1, 10 or 26. We
define:

1 if mod(i,3) =0
§;=1{ 10 if mod(i,3) = 1
26 if mod(i,3) = 2

With this definition the powers of 10 can be written as:

And m can be written as:

s—1 s—1
m = ZmLIOZ = Zmi(ai - 37 + 57,)
i=0 i=0
Since 37 | m it follows
s—1
i=0
Hence we get:
A+10B+26C =1 - 37 (4)

Eq. 4 written for the reversed number of m reads:

A+10C+26B =j-37 if mod(s,3)
B+ 10A+26C =j-37 if mod(s,3)
2%6A+10B+C = j-37 if mod(s,3)

e.g. m has 13 digits

0,
1
2

For all three cases of s it is easy to demonstrate that A, B and C must be
multiples of 37. We show it here only for the second case with mod(s,3) = 1.
Subtracting the equation for the reversed number from the equation for the
original number gives

I(B—-A)=(lL—j) 37
Therefore B = A+15-37. Since C =37— A— B we get C = —2A+(1-15)-37.
Inserting the expressions for B and C into eq. 4 gives:

41A = 37(26 — I — 16l5)

which is only possible if A is a multiple of 37. Then B must also be a multiple of
37 and finally also C'. The only possibility to distribute 37 over three numbers



which are all multiples of 37 is to allocate the whole 37 to one of the three and
the other two must be zero. Therefore all m must have at least 8 digits with a
zero (see e.g. A333666(37) = 1,009,009,009,009).

3.3 Proof that 74 is a porous number

This proof is very similar to the proof for k = 37. This time

100 = o - T4+ v + 6;

with
) =37 iti=0
Vi = 0 else
and
38 if mod(i,3) =0
0; =< 10 if mod(i,3) =1
26 if mod(i,3) = 2
Now m can be written as:
s—1 . s—1
i=0 i=0
Since 74 | m it follows
s—1
Zmi('yi + (51) =1;-74 (5)
i=0

Multiplying the individual terms gives
384+ 10B +26C —3Tmg =1, - 74

mo must be an even number because 74 | m and therefore 37my is a multiple
of 74.

Hence we get:
38A+10B +26C =15 - 74

or
19A+5B +13C =1, - 37 (6)

Eq. 6 written for the reversed number of m reads:

19A+5C +13B =j-37 if mod(s,3)
19B + 54 +13C = j - 37 if mod(s, 3)
1344+ 5B +19C = j- 37 if mod(s, 3)

e.g. m has 16 digits

0,
1
2



For all three cases of s it is straightforward to demonstrate that A, B and C
must be multiples of 37. Since the sum of the three is 74, at least one of them
must be zero and therefore m must have digits with zeros.

3.4 Proof that 101 is a porous number

For this proof we will exploit the fact that 101 | m if the ”alternating sum
of blocks of two” divides m. As above, m is a number consisting of s digits:
"Mg_1...m3zmamimg”. We define:

A =mg—mo+myg—mg+ ...,
B=m;—mg+ms —ms+ ...

With this definition, the alternating sum of blocks of two, which we will call
alterdigitsum?2, is A + 10B

From the divisibility rule for 101 it follows:
A+10B =1 -101 (7)
Depending on the number of digits s, the alterdigitsum?2 of rev(m) will be

—10A — B if mod(s,
A—10B if mod(s,

(s,4 e.g. m has 12 digits
(s,4
104+ B if mod(s, 4
(s,4
(

—A+10B if mod(s,

If s is odd then alterdigitsum2(rev(m)) =
From the divisibility rule for 101 it follows:

A—10B =15-101 (8)
Adding eqgs. 7 and 8 yields:

24 = (I, +15) - 101

which is only possible if A is a multiple of 101. And if A is a multiple of 101
also B must be a multiple of 101.

If s is even then alterdigitsum2(rev(m)) = £(10A + B)

From the divisibility rule for 101 it follows:
10A+ B =13-101 (9)

Subtracting eq. 7 from 10 times eq. 9 yields:

994 = (1013 — I;) - 101



which is only possible if A is a multiple of 101. And if A is a multiple of 101
also B must be a multiple of 101.

What are the options then? A and B cannot be both zero because the sum
of all digits, 101, is an odd number which means that if A is even then B must
be odd and vice versa. Hence either A or B is +101. But then all non-zero
digits must be in the positions j, j+4, j+38, ... with j a number from 0 to 3 such
that the m; can add up to 101. All other digits must be zero and therefore 101
is a porous number.

3.5 Proof that 121 is a porous number

As above, m is a number consisting of s digits: "mgs_1...m3momimg”. s > 14
because even if we fill 13 digits with a ”79” the sum of digits is only 117. We
define:

A:m0+m2+m4+ ey
B:m1+m3+m5—|—

Since 121 | m also 11 | m and a divisibility rule for number 11 requires that
the alternating sum of the digits must be divisible by 11. Hence:

A-B=j-11 (10)

Since the sum of all digits is 121 we also know:

A+B=121=11-11 (11)
Adding eqgs. 10 and 11 gives:

24 = (j+11)-11 (12)

which means A must be a multiple of 11, i.e. j; - 11 and therefore B =
(11— j;) - 11.

Both A and B must be multiples of 11 and j must be an odd number.

Next we exploit the fact that the multiplicative order of 10 modulo 121
equals 22:

10° = o - 121 + §; - 11 — 17+

with 8 = (0,1,9,3,7,5,5,7,3,9,1,0,10,2,8,4,6,6,4,8,2,10). After 22 num-
bers the sequence repeats, i.e. 8; = [it22-

Now m can be written as:



s—1 s—1
m = Zmiloi = Zmi(ai 1214 B - 11— 17
i=0 i=0
Since 121 | m it follows
s—1 .
> mi(Bi- 11— 1) =1y - 121 (13)
=0

1=

first part of the sum is rewritten as:

Note, 25701 —17t1m; is the alternating sum of the digits, i. e. A — B. The

11- [ﬁﬂAﬂiﬂB}
where A-Ba = moBo+mafat+maBa+... and B-Bg = my B1+mafBs+msfs+...
With this notation we can rewrite eq. 13 as

1 [A-8a+ B Bp| + A= B=1-121 (14)

3.5.1 Number of digits of m is odd

Now we formulate eq. 14 for the reversed number m. We only need to replace
Bo with Bs_1, f1 with 8s_5 and so forth. The result is:

11- ;T-,@;+é-ﬁg]+A_B:zg-121 (15)
Wlth 6714 = (6871? ﬁsf?n /8575) )
Adding eqgs. 14 and 15 yields:
11 |A-(Ba+Ba)+B-(Bs +533)} +2(A=B)=(lh+1)-121 (16)
Now we have to evaluate eq. 16 for s = 15, 17, ... until 35. Afterwards,
starting from s = 37, the results are repeating because f; = B;422. We notice
that all elements of 54 + 84 have the same remainder » when divided by 11 and

B+ B all have the same remainder 11 —r when divided by 11. In Table 1 the
remainders 7 are printed for the number of digits s before they repeat:



S 15 |17 119 |21 | 23 | 25| 2729 |31 ]33] 35
Bat+PBa| 816 4] 210 9|75 1 |10
Be+PBp| 3| 5|79 02|46 |8]|10|1

w

Table 1: Remainders of all elements of 34 + 4 and Bg + B divided by 11

With this information eq. 16 can be written as:

1-[r-A4+(11—7r)-B+13-11]+2(A—-B) = (l; +13) - 121
Since A and B are both multiples of 11 this means that 11-[r - A + (11 — ) - B + I3 - 11]
is a multiple of 121 and therefore
20A-B)=14-121
Since A — B = j-11 this equation can only be fulfilled if j itself is a multiple
of 11.
3.5.2 Number of digits of m is even

If s is even, the alternating digit sum of rev(m) has the opposite sign and
therefore we get instead of eq. 15 this equation:
11- E-5;+§-5}}+B—A:l5-121 (17)
In this case we subtract eq. 17 from eq. 14. This yields:

11+ [A-(Ba = Ba)+ B+ (85— Bp)| + 204~ B) = (h —15)- 121 (18)

Now we have to evaluate eq. 18 for s = 14, 16, ... 34. Also in this case
all elements of 84 — 84 have the same remainder r when divided by 11 and
Bp — Bp all have the same remainder 11 —r when divided by 11. In Table 2 the

remainders 7 are printed for the number of digits s before they repeat:

s 141618202224 262830327 34
Ba—Ba| 9 [ 7[5 [3[1][10[8][6[4]2]0
Be—Pe | 2| 4|6 81013 |5|7]9]0

Table 2: Remainders of all elements of 54 — 84 and Bp — Sp divided by 11

With this information eq. 18 can be written as:

W [r-A+Ql—7)-B+1s-11] +2(A— B) = (I — I5) - 121

Since A and B are both multiples of 11 this means that 11-[r - A + (11 — ) - B + [ - 11]
is a multiple of 121 and therefore



2A—-B)=1;-121

Since A — B = j-11 this equation can only be fulfilled if j itself is a multiple
of 11.

3.5.3 Final conclusion for k = 121

For both s even and odd, it was shown that j must be a multiple of 11. Since
j is not zero we need to have A — B = +121, i.e. either A or B must be 0 and
the other must be 121. Hence 121 is a porous number.



