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Let 𝜒 be a real Dirichlet character modulo 𝑁, we are interested in the value of 

𝑆(𝜒) ≔ −
1

𝑁
∑ 𝑖𝜒(𝑖)

𝑁

𝑖=1

. 

If 𝜒 is an even character (i.e., 𝜒(−1) = 1) and 𝑁 > 1, then 

∑ 𝑖𝜒(𝑖)

𝑁

𝑖=1

=
1

2
(∑ 𝑖𝜒(𝑖)

𝑁

𝑖=1

+ ∑ 𝑖𝜒(𝑖)

𝑁−1

𝑖=0

) =
1

2
∑(𝑖𝜒(𝑖) + (𝑁 − 𝑖)𝜒(𝑁 − 𝑖))

𝑁

𝑖=1

=
1

2
∑ 𝑁𝜒(𝑖)

𝑁

𝑖=1

, 

𝑆(𝜒) = −
1

2
∑ 𝜒(𝑖)

𝑁

𝑖=1

= {−
𝜑(𝑁)

2
, if 𝑁 is a principal character

0     , otherwise                         
. 

So we'll suppose that 𝜒 is an odd character (i.e., 𝜒(−1) = −1). 

 

Lemma 1. If 𝜒𝑛 is any Dirichlet character whose period is 𝑛, then for any 𝑘, 

𝑆(𝜒) = −
1

𝑘𝑛
∑ 𝑖𝜒𝑛(𝑖)

𝑘𝑛

𝑖=1

. 

Proof. 

∑ 𝑖𝜒𝑛(𝑖)

𝑘𝑛

𝑖=1

= ∑ ∑(𝑖 + 𝑗𝑛)𝜒𝑛(𝑖)

𝑛

𝑖=1

𝑘−1

𝑗=0

= 𝑘 ∑ 𝑖𝜒𝑛(𝑖)

𝑛

𝑖=1

+ 𝑛 (∑ 𝑗

𝑘−1

𝑗=0

) (∑ 𝜒𝑛(𝑖)

𝑛

𝑖=1

)

= 𝑘 ∑ 𝑖𝜒𝑛(𝑖)

𝑛

𝑖=1

. 

This result means that 𝑆(𝜒) is not affected by the upper bound of the summation 

index as long as it is divisible by the period of 𝜒. 

 

Lemma 2. Suppose 𝜒𝑛 to be any Dirichlet character whose period is 𝑛, 𝜒𝑝 be 

the principal Dirichlet character modulo 𝑝, where 𝑝 is any prime coprime to 𝑛, then 

𝑆(𝜒𝑛𝜒𝑝) = (1 − 𝜒𝑛(𝑝))𝑆(𝜒𝑛). 

Proof. 

∑ 𝑖𝜒𝑛(𝑖)𝜒𝑝(𝑖)

𝑛𝑝

𝑖=1

= ∑ 𝑖𝜒𝑛(𝑖)

𝑛𝑝

𝑖=1

− ∑ 𝑗𝑝𝜒𝑛(𝑗𝑝)

𝑛

𝑗=1

= 𝑝 ∑ 𝑖𝜒𝑛(𝑖)

𝑛

𝑖=1

− 𝑝𝜒𝑛(𝑝) ∑ 𝑗𝜒𝑛(𝑗)

𝑛

𝑗=1

(By Lemma 1)

= 𝑝(1 − 𝜒𝑛(𝑝)) ∑ 𝑖𝜒𝑛(𝑖)

𝑛

𝑖=1

. 
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Lemma 3. Let 𝜒 be a character, then there exists a unique way to decompose 𝜒 

into 𝜒 = 𝜒0𝜒𝑑  and a pair of numbers (𝑘, 𝑑) , where 𝜒0  is a principal character 

modulo 𝑘, 𝜒𝑑 is a primitive character modulo 𝑑, 𝑘 is squarefree, and gcd(𝑘, 𝑑) =

1. 

Proof. Let 𝜒 be a character modulo 𝑁, then 𝜒 can be uniquely decomposed into 

𝜒 = 𝜒𝑁1𝜒𝑁2 … 𝜒𝑁𝑙, where 𝜒𝑁𝑖 is a character modulo 𝑝𝑖
𝛼𝑖, 𝑝1

𝛼1𝑝2
𝛼2 … 𝑝𝑙

𝛼𝑙 = 𝑁. Let 

𝜒0 = ∏ 𝜒𝑁𝑖

𝜒𝑁𝑖 is principal

, 𝜒𝑑 = ∏ 𝜒𝑁𝑖

𝜒𝑁𝑖 is non−principal

. 

Then 𝑘 = ∏ 𝑝𝑖𝜒𝑁𝑖 is principal . When 𝜒𝑁𝑖 is a non-principal character modulo 𝑝𝑖
𝛼𝑖, 

it is primitive modulo its own period, so 𝜒𝑑 is a primitive character modulo its period 

𝑑. Obviously 𝑘 is squarefree, and gcd(𝑘, 𝑑) = 1. 

If we have another pair (𝜒0
′ , 𝜒𝑑

′ ) such that 𝜒 = 𝜒0
′ 𝜒𝑑

′ , 𝜒0
′  is a principal character 

modulo 𝑘′ , 𝜒𝑑
′   is a primitive character modulo 𝑑′ , 𝑘′  is squarefree, and 

gcd(𝑘′, 𝑑′) = 1, write 

𝜒0 = 𝜒01𝜒02 … 𝜒0𝑟 , 𝜒𝑑 = 𝜒𝑑1𝜒𝑑2 … 𝜒𝑑𝑡; 
𝜒0

′ = 𝜒01
′ 𝜒02

′ … 𝜒0𝑟′
′ , 𝜒𝑑

′ = 𝜒𝑑1
′ 𝜒𝑑2

′ … 𝜒𝑑𝑡′
′ , 

where {𝜒0𝑖}, {𝜒0𝑖
′ }  are principal characters modulo prime powers, {𝜒𝑑𝑗}, {𝜒𝑑𝑗

′ }  are 

non-principal characters modulo prime powers, by the unique decomposition of 𝜒 into 

characters modulo prime powers, we have 

{𝜒01, 𝜒02, … , 𝜒0𝑟 , 𝜒𝑑1, 𝜒𝑑2, … , 𝜒𝑑𝑡} = {𝜒01
′ , 𝜒02

′ , … , 𝜒0𝑟′
′ , 𝜒𝑑1

′ , 𝜒𝑑2
′ , … , 𝜒𝑑𝑡′

′ }, 

{𝜒01, 𝜒02, … , 𝜒0𝑟} = {𝜒01
′ , 𝜒02

′ , … , 𝜒0𝑟′
′ }, {𝜒𝑑1, 𝜒𝑑2, … , 𝜒𝑑𝑡} = {𝜒𝑑1

′ , 𝜒𝑑2
′ , … , 𝜒𝑑𝑡′

′ }. 

This gives 𝜒0
′ = 𝜒0 and 𝜒𝑑

′ = 𝜒𝑑, so 𝑘′ = 𝑘 and 𝑑′ = 𝑑. 

 

Theorem. Let 𝜒  be an odd real Dirichlet character modulo 𝑁 . Decompose 𝜒 

into 𝜒 = 𝜒0𝜒𝑑 , where 𝜒0  is a principal character modulo 𝑘 , 𝜒𝑑  is a primitive 

character modulo 𝑑 , 𝑘  is squarefree, and gcd(𝑘, 𝑑) = 1 , then −𝑑  is the 

fundamental discriminant of an imaginary quadratic number field, and 

𝑆(𝜒) =
2ℎ(−𝑑)

𝑤(−𝑑)
∏ (1 − (

−𝑑

𝑝
))

𝑝|𝑁,𝑝 prime

, 

where ℎ(−𝑑)  is the class number of 𝐾 = ℚ[√−𝑑] , and 𝑤(−𝑑)  is the number of 

elements in 𝐾 whose norms are 1, given by 

𝑤(−𝑑) = {
6, 𝑑 = 3
4, 𝑑 = 4
2, 𝑑 > 4

, 

and (
−𝑑

𝑖
) is the Kronecker symbol. 

Example. Let 𝑁 = 21, 
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𝜒 = {1,1,0,1, −1,0,0,1,0, −1,1,0, −1,0,0,1, −1,0, −1, −1,0}. 

Then 𝜒0 = {1,1,0}  is principal, 𝜒7 = {1,1, −1,1, −1, −1,0}  is a primitive 

character modulo 7, and 

𝑆(𝜒) = 2 =
2ℎ(−7)

𝑤(−7)
(1 − (

−7

3
)) (1 − (

−7

7
)). 

Proof. Write 

𝜒0 = 𝜒01𝜒02 … 𝜒0𝑟 , 𝑆(𝜒) = 𝑆(𝜒0𝜒𝑑) = 𝑆(𝜒𝑑𝜒01𝜒02 … 𝜒0𝑟), 

where {𝜒0𝑖} is the principal character modulo 𝑝𝑖, 𝑝1𝑝2 … 𝑝𝑟 = 𝑘. 

    By Lemma 2, 

𝑆(𝜒) = 𝑆(𝜒𝑑) ∏(1 − 𝜒𝑑(𝑝𝑖))

𝑟

𝑖=1

. 

Note that if 𝑞|𝑁  but 𝑞 ≠ 𝑝𝑖 , then 𝑞|𝑑 , 𝜒𝑑(𝑞) = 0 . So this formula can be 

simplified to 

𝑆(𝜒) = 𝑆(𝜒𝑑) ∏ (1 − 𝜒𝑑(𝑝))

𝑝|𝑁,𝑝 prime

. 

There is a primitive character modulo 𝑑 means either one of the following two 

statements holds: 

(a) 𝑑 is the fundamental discriminant of a real quadratic number field, and 

𝜒𝑑(𝑖) = (
𝑑

𝑖
) ; 

(b) −𝑑 is the fundamental discriminant of an imaginary quadratic number field, 

and 

𝜒𝑑(𝑖) = (
−𝑑

𝑖
). 

Since 𝜒 is an odd character, we have 𝜒𝑑(−1) = −1, so we know statement (b) 

is true. Then we have the well-known class number formula: 

𝑆(𝜒𝑑) =
2ℎ(−𝑑)

𝑤(−𝑑)
, 

So now we have 

𝑆(𝜒) =
2ℎ(−𝑑)

𝑤(−𝑑)
∏ (1 − (

−𝑑

𝑝
))

𝑝|𝑁,𝑝 prime

, 

which is the desired result. 

 

Specially, let 𝜒 = (
−𝐷

𝑖
) be a real Dirichlet character modulo 𝐷 for some 𝐷 ≡

0,3 (mod 4), then 𝑑 is the unique number such that −𝑑 is the unique fundamental 

discriminant and 𝐷/𝑑 is a square. This gives 

−
1

𝐷
∑ 𝑖 (

−𝐷

𝑖
)

𝐷

𝑖=1

= 𝑆(𝜒) =
2ℎ(−𝑑)

𝑤(−𝑑)
∏ (1 − (

−𝑑

𝑝
))

𝑝|𝐷,𝑝 prime

. 


