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For n ∈ N let Mn be the Toeplitz matrix whose first row is

(2n− 1, n− 1, n− 2, . . . , 1)

and whose first column is

(2n− 1, 2n− 2, 2n− 3, . . . , n).

Theorem 1. Let n ∈ N. Then

det(Mn) = n(n + 1)n−1 +
n− 1

4
((n− 1)n−1 + (n + 1)n−1).

Proof. We have M1 = (1) and det(M1) = 1, agreeing with the asserted
formula. Thus, assume that n ≥ 2. First, we notice that

(Mn)ij =

{
2n− 1− (i− j), if i ≥ j,

n− (j − i), if i < j.

Let Nn be the matrix obtained from Mn by performing the row operations
Ri ← Ri −Ri−1, i = n, n− 1, . . . , 2. It is easily verified that

(Nn)ij =



2n− 1, if i = j = 1,

n− j + 1, if i = 1 and j ≥ 2,

−1, if i ≥ 2 and j ≤ i− 1,

n, if i ≥ 2 and j = i,

1, if i ≥ 2 and j ≥ i + 1.

Now let Kn be the matrix obtained from Nn by performing the column
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operations Cj ← Cj − Cj+1, i = 1, 2, . . . , n− 1. It is easily verified that

(Kn)ij =



n, if i = j = 1,

1, if i = 1 and 2 ≤ j ≤ n,

−(n + 1), if 2 ≤ i ≤ n and j = i− 1,

n− 1, if 2 ≤ i ≤ n− 1 and j = i,

1, if 2 ≤ i ≤ n− 1 and j = n,

n, if i = j = n,

0, otherwise.

The matrix Kn may be written in block form as follows:

Kn =

(
Bn 1
cT n

)
,

where 1 = (1, . . . , 1)T is the all-ones vector of size n − 1, c is the vector of
size n − 1 given by cT = (0, . . . , 0,−(n + 1)), and Bn is the square matrix
of size n− 1 given by

(Bn)ij =



n, if i = 1 and j = 1,

1, if i = 1 and 2 ≤ j ≤ n− 1,

−(n + 1), if 2 ≤ i ≤ n− 1 and j = i− 1,

n− 1, if 2 ≤ i ≤ n− 1 and j = i,

0, otherwise.

Expanding det(Bn) along the first row yields

det(Bn) =

n−1∑
j=1

(Bn)1j(Cn)1j ,

where the (Cn)1js are the corresponding cofactors. It is not hard to see by
induction on j that C1j = (n− 1)n−1−j(n + 1)j−1. Thus,

det(B) = n(n− 1)n−2 +

n−2∑
t=1

(n− 1)n−2−t(n + 1)t

=
(n− 1)n−1 + (n + 1)n−1

2
.
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In particular, Bn is invertible and by Schur’s formula,

det(Kn) = det(Bn)(n− cTB−1
n 1).

Let x = B−1
n 1. To calculate x, we solve the system Bnx = 1, which may be

written as

nx1 + x2 + · · ·+ xn−1 = 1, (1)

−(n + 1)xi−1 + (n− 1)xi = 1, 2 ≤ i ≤ n− 1. (2)

From (2) we obtain the recurrence

xi =
1

n− 1
+

n + 1

n− 1
xi−1, 2 ≤ i ≤ n− 1. (3)

Solving (3) gives

xi =

(
n + 1

n− 1

)i−1

x1 +
1

2

((
n + 1

n− 1

)i−1

− 1

)
, 2 ≤ i ≤ n− 1. (4)

From (1) and (4) we obtain

x1 =
2n

n− 1 +
(n + 1)n−1

(n− 1)n−2

− 1

2
. (5)

Taking i = n− 1 in (4) and using (5), we have

xn−1 =
2n(n + 1)n−2

(n− 1)n−1 + (n + 1)n−1
− 1

2
.

We conclude that

det(Mn) = det(Nn) = det(Kn) = det(Bn)(n− cTx)

= det(Bn)(n + (n + 1)xn−1)

=
(n− 1)n−1 + (n + 1)n−1

2

(
n + (n + 1)

(
2n(n + 1)n−2

(n− 1)n−1 + (n + 1)n−1
− 1

2

))
.

= n(n + 1)n−1 +
n− 1

4
((n− 1)n−1 + (n + 1)n−1).
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