
SEQUENCE A309878

SELA FRIED†

Let i =
√
−1 and consider the sequence {bn}n≥0 defined recursively as follows: b0 = 0

and, for n ≥ 1,
bn = (n+ bn−1)(1 + i). (1)

Let B(x) denote the generating function of {bn}n≥0. Let {an}n≥0 be the sequence corre-
sponding to the real part of {bn}n≥0, i.e., for n ≥ 0 we set an = Re(bn). Sequence A309878
in the OEIS [1] is defined to be {an}n≥0. The purpose of this note is to prove that all the
conjectures stated in A309878 hold true. These follow easily from the following explicit
formula for an.

Theorem 1. We have
an = 2

n+2
2 sin

(nπ
4

)
− n.

Proof. Multiplying (1) by xn and summing over n ≥ 1 we obtain∑
n≥1

bnx
n =

∑
n≥1

(n+ bn−1)(1 + i)xn. (2)

Since b0 = 0, we obtain∑
n≥0

bnx
n = (1 + i)x

∑
n≥1

nxn−1 + (1 + i)x
∑
n≥0

bnx
n. (3)

It follows that

B(x) =
(1 + i)x

(1− x)2
+ (1 + i)xB(x),

from which we conclude that

B(x) =
(1 + i)x

(1− x)2(1− (1 + i)x)

=
−1 + i

(1− x)2
− 2 + 2i

1− (2x+ i)
+

1 + i

1− x

=
−1 + i

(1− x)2
− 2 + 2i

1− i
1

1− 2x
1−i

+
1 + i

1− x
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= (−1 + i)
∑
n≥0

nxn + 2i
∑
n≥0

xn − 2 + 2i

1− i
∑
n≥0

2n

(1− i)n
xn

=
∑
n≥0

(
(n+ 2)i− n− 2n+2

(1− i)n+2

)
xn

=
∑
n≥0

[
2

n+2
2 sin

(nπ
4

)
− n+

(
(n+ 2)− 2

n+2
2 sin

(
(n+ 2)π

4

))
i

]
xn.

It follows that an = 2
n+2
2 sin

(
nπ
4

)
− n. �
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