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1 The first formula for the g.f. of the number of aperiodic chiral

bracelets of two colors

Let ag(n) be the number of bracelets (turnover necklaces) of length n that have no reflection
symmetry and consist of £ white beads and n — k black beads. Such bracelets (with no reflection
symmetry) are also called chiral.

Herbert Kociemba has proved that, for fixed k € Z~¢, the generating function of the sequence

(ak(n) : n € Zsg) is given by

k

B > oozt 1 o(m) 1+
fk(l') - ;ak(n)x - ? %Z (1 _:L.m)k/m - (1 —xQ)L%'HJ > (1)

mlk

where ¢(-) is Euler’s totient function. See, for example, the documentation of the following
sequences in the OEIS: A008804, |A032246, A032247, A032248), A032249, and |A032250.
Note that, unlike Bower [I] (in the documentation of the DHK transform), we trivially

assume that all bracelets of length 1 or 2 do have reflection symmetry. Thus, we trivially have

ar(1) =0 =ax(2) forall k € Zsy,

and this is reflected in Kociemba’s formula above. This is because, for a bracelet with 1
bead, we may imagine an axis of symmetry passing through the single bead, while for a bracelet
of length 2, we may imagine an axis of symmetry passing through the two beads (assuming they
are placed diametrically opposite of each other on a circle). If a bracelet of length 2 has two
beads of identical color, we may also consider an axis of symmetry going between these two
beads (to the left and to the right of each one of them).

Let bi(n) be the number of aperiodic bracelets (turnover necklaces) of length n that have no
reflection symmetry and consist of k& white beads and n — k black beads. Using the generating
function fi(z) in Kocienba’s formula above, we prove that, for fixed k € Z~q, the generating

function of the sequence (bg(n) : n € Zg) is given by

ge(@) =Y br(n)a™ =3 uld) fx(z?), (2)
n=1

d|k

where p(-) is the Mobius function. In Section [3| of this note, we prove a more explicit formula

for gi(z) (see equation (10])).

Equation can be established if we prove either one of the following two equivalent for-

mulas:

am= 3 b (g) and b(n) = Y. p(d)ax (%) (k,n € Zog).  (3)

d| ged(n,k) d| ged(n,k)

e
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(Note that ag(n) =0 = bg(n) when 0 < n < k.)

Proof of equation from equations : Using equations , we get

s = e =3[ 3wy () ]
n=1

Letting m = n/d, we get

which establishes equation . |

For each h € Zsq, let ai(n;h) be the number of bracelets (turnover necklaces) of length n
and period h that have no reflection symmetry and consist of k& white beads and n — k black

beads. Equations can be established if we prove the following equalities:

n

ak(n;d) = by (3) for all n, k,d € Zso with d| ged(n, k). (4)

Proof of equations from equations : It is sufficient to prove only the first one
of equations (since the first one implies the second one). Note also that the period d of a
bracelet of length n that has no reflection symmetry and consists of k white beads and n—k& black
beads should divide both n and k (and thus, n — k as well). It thus follows from equations

that, for n, k € Z~o,
n
ag(n) = Z ag(n;d) = Z b§ <E) .
d| ged(n,k) d| ged(n,k)

This establishes equations . |

For d = 1, equations are obvious. The most difficult part of this note is establishing
equations (4) when d > 2. We essentially have to prove that, if a bracelet of length n/d with
k/d white beads and (n — k)/d black beads has a reflection symmetry, then a bracelet that
consists of d copies of this bracelet also has a reflection symmetry. We also have to prove the
converse: if a bracelet of length n and period d consists of k white beads and n — k black beads
and has a reflection property, then there is a contiguous part of it of length n/d that consists
of k/d white beads and (n — k)/d black beads, has a reflection property, and when repeated d

times produces the original bracelet.



Proof of equations (4)): Assume d|gcd(n, k) and d > 2. We consider two cases: (a) n/d
is odd, and (b) n/d is even.

Case (a): n/d is odd. If n/d = 1, then a bracelet of length n and period d = n consists
of n white beads and 0 black beads (i.e., kK = d = n). Such a bracelet obviously has a reflection
property, and so does a bracelet of length n/d = 1 consisting of a bead of the same color as the
beads in the original bracelet. The converse is also true.

If n/d > 1, consider a bracelet of length n/d with k/d white beads and (n—k)/d black beads
that has reflection symmetry; say its beads are ci,...,cs,0,¢s,...,c1, where s = (n/d%. It
obviously has an axis of symmetry through b and the middle of the two beads ¢;. Now, suppose
we repeat it d times to create a bracelet of length n, which obviously would have k white beads
and n — k black beads. Starting from one copy, we name the copies (going in one direction)
1,2,...,d.

If d is even, then the bracelet of length n has an axis of symmetry going through beads b of
copies 1 and % + 1. It also has another axis of symmetry going between the two consecutive ¢y
beads of copies d and 1 and between the consecutive ¢; beads of copies % and % +1. (Ifd=2,
then obviously d = % +1land 1= %) It thus has a reflection symmetry.

If d is odd > 3, then the bracelet of length n has an axis of symmetry going through bead
b of copy 1 and through the middle of two (consecutive) beads c¢; of copies % and % (and
thus, it has a reflection symmetry).

We may also consider the converse: start with a bracelet of length n (with n > d and n/d
odd) that has a reflection symmetry, has period d, and consists of k white beads and (n — k)/d
beads. We may prove (using a similar argument as above) that it can be generated by a bracelet
of length n/d that has a reflection symmetry and consists of k/d white beads and (n — k)/d
black beads. The proof of the converse is actually more complicated, but we omit the details.
(A complication in the proof of the converse arises from the fact that a bracelet with a reflection
property and an even number of beads may have more than one axes of symmetry.)

Case (b): n/d is even. Consider a bracelet of length n/d that has a reflection symmetry
and consists of k/d white beads and (n — k)/d black beads. Then its beats are either of the form

Cl,...,CsCs,-..,C1, Wwhere s = g5 (with an axis of symmetry going between the two ¢, beads
and between the two c1 beads, or of the form ¢1,...,¢s-1,€1,¢5-1,...,¢1,€2, where s = 55 — 1

(with an axis of symmetry going through beads e; and e3).

Now consider a bracelet that consists of d copies of the bracelet of length n/d described
above. It obviously has length n and consists of & white beads and n — k black beads. Starting
from one copy, number the copies in one direction 1,2,...,d.

If the bracelet of length n/d is of the form ci,...,cs,cs,...,c1, then the bracelet of length

n has an axis of symmetry going between the two consecutive ¢s beads of copy 1 and the two



consecutive ¢s beads of copy g + 1 if d is even, or going between the two consecutive ¢ beads of
copy 1 and the two consecutive ¢; beads of copies % and % if d is odd.

If the bracelet of length n/d is of the form ¢y, ...,¢cs-1,€1,¢s5-1,..., 1, €2, then the bracelet
of length n has an axis of symmetry going through e; of copy 1 and e; of copy %—F 1 (and another
one going through es of copy 1 and ey of copy % + 1) if d is even; or has an axis of symmetry
going through e; in copy 1 and through es of copy % if d is odd.

We may also consider the converse: start with a bracelet of length n (with n/d even) that
has a reflection symmetry, has period d, and consists of k white beads and (n — k)/d beads. We
may prove (using a similar argument as above) that it can be generated by a bracelet of length
n/d that has a reflection symmetry and consists of k/d white beads and (n — k)/d black beads.
Again, we omit the details.

Conclusion: Thus, given n,k,d € Zs¢ with d|ged(n, k), we may establish a one-to-one
correspondence between the collection of bracelets of length n and period d which have k white
beads and n — k black beads and a reflection symmetry and the collection of aperiodic bracelets
of length n/d which have k/d white beads and (n — k)/d black beads and a reflection symmetry.
This proves that ag(n;d) = b% (2). |

2 Some formulas for the quantities a;(n) and b;(n)

Recall that ay(n) is the number of chiral bracelets of length n that have k£ white beads and n—k&
beads. Also, bi(n) is the number of aperiodic chiral bracelets of length n that have k white
beads and n — k beads. We know from equations that

ax(n) = Z b§ (g) and bg(n) = Z wu(d)a

d| ged(n,k) d| ged(n,k)

(%) (k,n € Zso).  (5)

alm

We also have ag(n) = 0 = bg(n) when 0 < n < k.
The following formulas are implicit in the comments of John P. McSorley for sequence
A180472 and the paper by McSorley and Shoen [2]. For 1 < k < n,

aut) = —y (LB (et L= omed 20y L5 (1) )

2 k k
L2J d| ged(n,k) d

_ 1/[5] = (kmod 2)[1 = (nmod 2))\ 1 e .

o i Jom, 2 wais) o

Obviously, equation @ follows easily from equation . Given the results of this note, the
easiest way to prove equation is to use Herbert Kociemba’s formula .


https://oeis.org/A180472

Proof of equation from equation : Let

A= Y ol < 1) and  By(n) = (L’;J—<kmod2>[1—<nmod2>]>.

k
d| ged(n k) 5]

Equation ([7]) would follow easily from equation if we establish that, for k > 1,

> z)z”
Z;Ak(n):c”—xkz k/d and X:IB :#, (8)

(1— $2)L§+1J

It is well-known that, for any real t > 0 and |z| < 1, we have

G- =3 <_;)(—x)5 -y (t e 1) (9)

s=0

We then have

ZAk(n Z Z o(d (Z 1)3:” (let n = md)
n=1 d

n=1d| gcd(n,k)
=y (1))
d|k m=1 \d

=> () > (2:;) (zH™  (let s = m — (k/d))

dlk m=k/d
-1 s ¢(d)
>( ) +(k/d) _ ok Z i xd)k/d

=Z¢<d>i(3+

d|k 5=0 d|k

» alx

This proves the first equation in (8]).
To prove the second equation in , we consider two cases.

Case 1: k is even. Say k = 2v, where v € Z~g. Then

S-S ()= £ () (0

_ - <T: 22" +m§; <T:> ML (let s = m — v)
SR Sl GRS [E
2% (1 + ) (1+z)z*




Case 2: k is odd. Say k = 2v + 1, where v € Z>o. Then

Tigk(n) =y (BJ ~ e 2)>x"

n=1

m—1 m
§ 2m E : 2m+1
( 14 ) v < 14 > v
m=1 m=0
m—1 m
§ : 2m § : 2m—+1
< 124 ) . < 1% ) v '
m=v+1 m=v

We let s = m — v — 1 in the first sum and s = m — v in the second one. We thus get

00 0o s+ v 00 s+ v
B n _ 2542042 2s+2v+1
;:1 k(n)x g ( y >:1: + E Ik

s=0 s=0
_ .T2V+1(.T + 1) Z <(V + 1):_ s — 1> (;CQ)S
s=0
r? U1+ 2) (14 z)z*

= (1 —g2)v+l - (1—:U2)L§+1J'

This completes the proof of the second equation in . |

Since we have two formulas for ag(n), given by equations @ and , we may easily get a
formula for by(n), using the second equation in (). But this would be a formula that is too
complicated (and we do not even type it down in this note!). In Section [4f of this note, we prove

a simpler formula for by(n).

3 The second formula for the g.f. of the number of aperiodic
chiral bracelets of two colors
Using equations and from Section we may establish another formula for the generating

function of the number of aperiodic bracelets of length n that have no reflection symmetry and
consist of k£ white beads and n — k black beads:

Ny B 1 k1+aY
gr(x) = ;bk( )a" = 2%k %M(d) <(1 — gd)k/d (1- z2d)b’2+1J> : (10)



Proof of equation : Using equations and . we get

= 3 u(d) fu ()

d|k

= % g ¢(m) B 1+ z¢
dzwf:u ’ (k muzk;d) (1= zdm/dm) (g _ oy [24+1] )
zk m

=5 Z du(d) Z P(m) :

d|k

1 _ pdm)k/(dm)
iy L=

z* k(1 +xd))
% Z p(d) (
dlk

1— g;2d) \_%'HJ .
To finish the proof of equation , we need to show that

m d
Zd”(d) Z 1 _fd(m))k/(dm) = Z ud)
dlk m|(k/d)

_ pd\k/d®
T (1 —2a%)
Using the associative property of Dirichlet convolutions, we get

> dp(d) > dlm

d|k

é(m)
du(d E
1— dm/k k/(dm) Z 1 — oym/(k/d)\(k/d)/m
iy LY ik m|(k/d>( 4 )

d 1
= mu(m)e | —
5 (e (2)
We claim that

1 — yd/kyk/d’
d
Zmu(m)qﬁ )= wu(d) forall d € Zso
m|d
Indeed, it is well-known that

for all d € Z~o,
m|d

y for all d € Z~q
The last equality is equivalent to equation .
From equations and above, we get

p(m) 1(d)
Zd“(d) Z dm/k\k/(dm :Z d/k\k/d"
dlk — (1 —ydm/k)k/tdm) dlk (L =y
equation .

Letting y = z% in the above equation, we get equation , and this finishes the proof of

|
8



4 A simpler formula for b;(n)

At the end of Section 2] of this note, we found a formula for by(n), which is the number of

aperiodic chiral bracelets of length n that have k& white beads and n — k black beads. The

formula, however, was too complicated to even type it down. Thus, here, we give a simpler one.
For n,k,d € Z~o with d|ged(n, k), let

c(n, k,d) := % + <_1)2§ — 1.
Then
n) =5 3 @ ((17))- k(L(MJ) - (14
2k d| ged(n,k) a1 L%J

Since (g) = 0 for a, 8 € Z>¢ with a < /3, the above formula is true even when 0 < n < k, in

which case, we trivially have bg(n) = 0.

Proof of equation ((14) from equation ([10)): Let

n_ 1 Lc(nék,d)J
Cr(n):== > p(d) (g } 1> and Dy(n):= Y M(d)( N )
d| ged(n,k) d d| ged(n,k) L2dJ
Equation ([14]) would follow easily from equation ([10)) if we establish that, for £ > 1,
.- p(d)(L+a?)
Z Cr(n) z" = z* Z k - and Z Dy(n) z" = z* - . (15)
— dlk / — o (1 —a2d) | & +1]

Because of equations @, we have

Z Cr(n)z™ = Z Z w(d) (z : 1>x” (let n = md)
n=1 d 1

n=1d| ged(n,k)

S (5

d|k m=1

=> uld) Y <?:11>(xd)m (let s =m — (k/d))
d

d|k m=k/d

© gk
:Zﬂ(d)Z( +i 1>( s+k/d kz 1_mdk/d

d|k 5=0 d\k

This proves the first equation in (15).



To prove the second equation in , notice first that

00 00 c(nk:d)
ZDMW”—ZZM(@([ J) =Y _ud)E(k,d,z),

n=1d| gcd(n,k) L%J dlk

where
_nyk/d_
m—i—i( ) 5 L

s 2
E(k,d,z) := Z <{ J)xmd
k
m=1 | 24]
for all k,d € Z~o with d|k. If we prove that
R (1 + 29)
(1- x2d)b%+1j

E(k,d,x) = for d|k,

then the second equation in would follow immediately.
We consider two cases. In each case, we use equations @D
Case 1: k/d is even. Then

Bk, d,z) = i (ngxmd _ i (z)xzsd N i <z>x2sd+d

d

_ - (5>x25d+ i <S>x25d+d (let r = s —

= . M =
s=k/(2d) 24 s=k/(2d) 2

k

2d

)

m=1 ‘2
200G ) S (e
. s=§%+1) (é EZ__l ))xQSd * 8=§%_1) (% (,;_ 1)) 2sd+d

10

(16)



We let r = s — % (% + 1) in the first sum and r = s — % (% — 1) in the second one. We thus get

> L(k_1 0 1k _q
E(k,d,z) = (TJIF Qk(d )>x2rd+k+d S (TT At )>x2rd+k'

=\ 3@y 5(5-1)
_ xk(1+$d)i <% (% + 1) +r- 1> (x2d)r

aP(1+a2?)  2F(1+a9)
(1- xQd)% Et1) (1 — 2:2d) | &+1]°

r=0

Putting both cases together allows us to prove equation , from which the second equation

in follows immediately.

5 Formulas for the total number of chiral bracelets of two colors

Let a(n) be the total number of chiral bracelets (bracelets with no reflection symmetry) of two

colors, and let b(n) be the total number of aperiodic chiral braceletes of two colors. In other

words,
a(n) = Z ag(n) and b(n) = Z bi(n).
k=1 k=1

Let also f(x) and g(x) be their corresponding generating functions; that is,

flx) = Z a(n)z™ and g(x) = Z b(n)z™.
n=1

n=1

Using the results of the previous sections, we shall prove in this section that

2n
dn
by = 25 iy (22— oli=2) (7— (<)
=5 ud) | (7-vi) )
dln
fla) =1 (—“’”f_*zif) - 20) g1 - 2:cm>> ,
o) =5 D tom) (~TLEEE - Liog1 - 2m)
m=1

(19)

(20)

Formulas and above are special cases of more general formulas due to Robert A. Russell
that appear in the documentation of sequences A059076 and |A032239) respectively. In addition,
formulas and above are special cases of more general formulas due to Herbert Kociemba

that appear in the documentation of sequences A059076 and A032239, respectively.
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Proof of equation (17)): From equation @ we get

n

Zak Z (n,k)—i—ﬁ(n, k?)),

k=1

where

a(n.k) = 1<L3J — (k mod 2)[1 — (n mod 2)]) and B, ) = QL Z o(d <

k
2 5] " 4] ged(n.k)

To finish the proof of equation , we need to show that

S a(n, k) = 2L52 (7 — (-1 —% and > B(n, k) = %Zgﬁ(dﬂ”/d— % (21)
k=1 k=1

dn

Qe a3

To prove the first equation in (21f), we consider two cases. When n is even, say n = 2v, where

v € Z~p, we have

v v—1
(= ()2 (7))
i + Z
2 (=1 ¢ =0 ¢
1 n 1
= 1}72_7: Li_gJ (=1 -
3-2 5 2027217 — (=)™ 5
When n is odd, say n = 2v + 1, where v € Z>(, we have
n 1 2v+1 v
>Satb =33 (1))
k=1 24 3]
_ 1 " (v n (v
2 14 ‘
=1 £=0
_ov 1 _ LQ*3J _ ny __ 1
=2 5 = 202 7T—(=1)") 5
Finally, we prove the second equation in :
S o =Y 5 X olaf)
k=1 k=1 d| ged(n,k) d
n/d .,
o (1)
d|n m=1
= LY @@ 1) = = 3 ()2 -
n i 2n p

12



This completes the proof of equation . |

Proof of equation ([18)): From equation , we get

n

k::l
where . n_ 1 ) n
MOUISESS u<d>(z U=z = ()
LA n o
d| ged(n,k) d d| ged(n,k) d
and { ( kd)J
1 c n,2 ,
s =y 3wt 7).
d| ged(n,k) LQdJ
where .
—1)a -1
c(n, k, d) == % n (1); for d|ged(n, k).
To prove equation , we first need to establish that
> y(n,k) = Zu d)(2"4 — (23)
k=1 d|n
and .
S 6n ) = 5 S utd) (—1 + 2l r - ). (24)
k=1 d\n
We have i
> (k) = o3 a(d z() o S (2 )
k=1 d|n dn

which proves equation .
To prove equation , we first notice that

Sani=13 3 (171

d| ged(n,k) L

NI E (%(;)2/1”)
p) d| ged(n,k) [ 2]
njd |1 (n , (=)7"—1
*Z” ;(L (d+m2 )J) (25)

13



Because of equation , to complete the proof of equation , we need to show that

n/d

5]

We consider two cases depending on the parity of n/d.

m=1

Case 1: n/d is even. In this case,

nfd |1 (n , (=)"=1 3 snN 24 s
G B GEC

Case 2: n/d is odd. In this case,

n/d E (% + (—I)Qm—l)J) 253 (n B 1> 393 n 1
_ 20 "2 4 (2d 2>
(M AR

This completes the proof of equation .

1(n ()71
3 (L? (5+55 >J> — 14 2lE 27— (C1)™) for all n,d € Zoo with d|n.

If n > 1, it is well-known that Ed‘n u(d) = 0, in which case, equations , , and

immediately yield .
If n =1, then

Y1, 1) = % —5(1,1) = b(1) = 0,

and we see that equation is trivially satisfied. This completes the proof of equation . |

Proof of equation ((19)): It suffices to prove the following two identities:

n_ mon T2+ 3z
ZQL 3] (=1)"zx :M and
> o et =5 A gr -t
n=1 d|n d=1

We have

i 2l53)(7 — ()M = i 2m3(7 — 1)a®™ + i 2m73(T + 1)2*m
n=1 m=1

m=0

322 x x(2+ 3x)

To1 24 T 1—22  2(1—222)

14



This proves equation . We also have

Z Z¢ )2z = Z¢dz 1§:¢(dd g(1 — 22%).

m=1 r=1

The proves equation , and the proof of equation is complete. |

Proof of equation (20)): It suffices to prove the following two identities:

SN uldyzlza? (7 - (_1)%) =3 M(m)m and (28)
n=1 d\n m=1
3 % 3 u(d)2/ e = —% 3 “Eld) log(1 — 2z%). (29)
n=1 dln r=1
We have
SO ue2lE (7 (—nF)an = S Y- 2lE 2 (7 - (o @y
n=1 dln d=1 m=1

0 d(9 d
= Z u(d)w (from equation (26])).

This proves equation . The proof of equation is similar to the proof of equation (27))
above, and thus it is omitted. This completes the proof of equation (20)). |

6 Final remarks
It can be easily proved that, for k € Zy,
[ar(n) = bg(n) for all n € Zso] <= [k € {1,4} or k is a positive prime].

We have

7

fk(x) = gk(x) =0 forke {1,2}, f4( ) = 94( ) (1 _ .CU) (1 4 J:)Q(]_ + 1’2);

and

k 1 k—1 1+ ‘
fe(z) = gr(z) = — (k(l e + R = 2 _ (1(_ xzf’z“) for k odd prime > 3.

Finally, we remark (one more time) that Bower [I] defined the DHK (bracelet, identity,

unlabeled) transform of a sequence (¢(n) : n > 1) as the sum of the DHK}, transforms of the

15



sequence (¢(n) : n > 1) for k from 1 to n. (In his notation, k stands for the number of boxes
that contain a total of n balls.)

Because he gave special definitions to the DHK; and DHK, transforms (different from the
definition of the DHK}, transform of sequence (c¢(n) : n > 1) for k > 2), we see that the values
of b(1) and b(2) (which are both zero!) do not agree with A032239(1) and A032239(2) (which

are 2 and 1, respectively).
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