Proof of a conjecture stated in A293129
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Let (a(n))nen be the sequence whose logarithmic generating function
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The statement of the following theorem was conjectured by Hanna in A293129.
Theorem 1. Let n € N. Then a(2" +1) = 1.

Proof. According to (1), a(2"+1) = (21 4+1)[z2"" ] L(z). By a comment
in A293129,
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Since —log(1 —x) = >0 | £~ we have (22" (= log(1 — 2)) = ﬁ
Let 0 £ m € Z and distinguish between two cases.
1. m > 1. We have
2m om,
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Assume that for some 0 < k < 2m, we have
2 41 =2m + k(2m — 1). (2)

Reducing (2) modulo 2m — 1 yields 2"*'+1 =1 (mod 2m —1). Thus,
(2m — 1) | 2. But 2m — 1 is odd while 2"™! is a power of 2.
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Thus, necessarily, m = 1. Thus, (2) has the form 2! +1 = 2 + k,
ie., k=2""1 — 1. We have 2"t! — 1 > 3 > 2 = 2m, contradicting
k < 2m. We have therefore proved that, for every m > 1, we have
[‘TQ"H-&-I]($ - x?m)Qm —0.

2. m< —1. Set u = —m. Then
(@ — 22my2m — gh? (] _ p2utly=2u _ i <2U + k- 1>w4u2+k’(2u+1)'
k=0 &
Assume that for some k € Ny we have

2" 41 = 4u® + k(2u+1)
= (2u—1)(2u+1) + 1+ Ek(2u + 1). (3)
Reducing (3) modulo 2u + 1 yields 2" +1 =1 (mod 2u + 1). Thus,
(2u + 1) | 2°*L. But 2u + 1 > 3 is odd, while 2"*! is a power of

2. Thus, (3) can not hold. We have therefore proved that, for every
m < —1, we have [xQnH“](x — x?m)?m —

It follows that

0 2m\2m
2" ) = (22" (o (] — 2t (z —z™™)
22 L) = 2 (S log(1 — @) — Y S D

m=—00
m7#0

B 1 B 1

- on+l 4 q +0= 2n+1_|_1’

proving the assertion. O
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