4x4x4 Cube 5-11-2016

a) 2x2 planar subsets
1) Most-Perfect Cube
2) Reversible Cube
a) Additional constraints - pairs symmetrically opposite on
the same row/col/pilar have the same sum.

b) 2x2x2 sub cube partitions ( partitions do not overlap )

1) polarization of the 8 sub cubes to align with the 4x4x4 cube
c) Magic Cube Criteria — row/col/pilar/triagonal lines
d) Blending of the criteria above ...

Example: Reversible Most-Perfect Square

Most-Perfect Space

all 2x2 planar partitions have the same sum

20--------45---~---- fommm- 61
5 6@ 21 44 - . .
A 28 2L 37 g 12 é 53 all 108 2x2 partitions in this
|62 13--  3--52----46--29----15--36 4xdx4 cube sum to 130
18 35| 47 3@ | 2 51| 63 14 |
| 7 54 | 5811 | 23 38 |42 27
41--26-|--24---39|--57--18-|-- 8 55 |
B4 15 1 5e 48 31 17 34
33 | 32 | 49 | 16 |
TS T 48--------25 Example:
ST
Eﬁ 3¢ 2X%2 planar partitions
@ 36
108

*¥ Values that are 8 spaces apart on the Hilbert curve through this cube sum to 260



Reversible Cube:

- N\

How many diagonally opposite

pairs have the same sum in

this cube ?

Example: *1+4=2+3
*1+48=10+39
*1+64=10+55

. J

I
33

& https://oeis.org/A2702(

l-—————

| 3
5 17

21 |
|35 23
39

53 |

7 19--

34

4

6 18

22

36 24
37--49-]--38---50|--45--57-| --46
51

40
54

I

52

l

2m———————

1

4
|

9--------10

|11

3 25
-15--27
1 29 |
43 31
47 59
61 |

112
14
----16--28
42
|44

26

30 |
32
58 |

48 60

62 |

55mmmmm===5f=m==m===f3= === === =64

Magic Cube Conditions

/! Basic Conditions:

=130

nOl+n@2+ni 04
n@5+n@6+ 0

& n@l+nl7+n3. 4

n@l+n@s. 13=C

&
nBH4n184n11+n12=C &
n13+n144n15+n16=C &
n17+n18+n19+n28=C &
n214n224n23+n24=C &
n25+n26+n27+n28=C &
n294n384n31+n32=C &
n33+n344n35+n36=C &
n37+n38+n39+nd48=C &
n4l+nd2+nd3+nd4=C &
n45+n46+n47+n48=C &
n494n584n514n52=C &
n53+n544n55+n56=C &
n574+n58+n59+n68=C &
n6l+n62+n63+n64=C &

n@2+nl 34+n50

nB3+n19+n35+n51=C
nB4+n28+n36+n52=C
n@5+n21+n37+n53=C
n@6+n22+n38+n54=C
n@7+n23+n394n55=C

L] 1@+nl4=C
n@3+n@7+n11+n15=C
n@4+n@8+n12+n16=C
n17+n214n25+n29=C
nlB8+n224n26+n38=C
nl9+n23+n27+n31=C

nBg+n25+n41+n57=C
n1@+n26+n42+n58=C
nll+n27+n43+n59=C
nl2+n28+n44+n6@=C
n13+n29+n45+n61=C
N14+n38+n46+n62=C

n15+n31+n47+n63=C
&

nlé+n32+n4 4

N28+n24 32
n33+n37+n41+n45=C
n34+n38+nd24nd6=C
n35+n33+n43+n47=C
n36+n48+n44+n48=C
n49+n53+n57+n61=C
NS@+N54+n56+n62=C
n51+n554n534n63=C

//self-Complementary Conditions:

ne1+n64=65 & nB2+n63=65 & N@3+n62=65 & N@4+n61=65 &
nes+n6@=65 & & n@7+n58=65 & n@8+n5 5 &
n@o9+n56=65 & & nll+n54=65 & nl2+n53=65 &
nl34+n52=65 & & n15+n5@=65 & nl6+n4! 5 &
n17+n48=55 & n18+n47=65 & n19+n46=65 & n2@+n45=65 &
n21+n44=65 & n22+n43=65 & n23+nd42=65 & n24+n41=65 &
n25+n48=65 & & n27+n38=65 & &
n29+n36=65 & & n31l+n34=65 & &
n33+n32=65 & & n35+n3@=55 & 5 &
n37+n2B=65 & n3B+n27=65 & n39+n26=65 & nd@+n25=65 &

2080 B9 R0 B0 09 B0 B0 RO R0 0O B9 B0 RO 9 B0

//% Pan-Triagonal

n01+n224n43+n64=
n0l+n30+n43+n56=C
n02+n23+nd4+né
n02+n31+nd4+ns:
n03+n24+n414n62=C
n03+n32+n41+n5:
n04+n21+n42+n63=C
n04+n29+n42+n55=C
n0S+n26+n47+nS:
n05+n18+n47+nél
nl&+n27+ndg+nd:
n0é+nld+ndE+ns’
n074n28+n454n50=C
n074n20+n45+n5
n0&+n25+n46+n5:
n0g+nl7+ndé+n5:
n09+n30+n35+n%
n094n22+n35+n64=C
n104n31+n36+n53=C
nl0+n23+n36+né:
nll+n32+n33+n5:
nll+n24+n33+n62=C
n12+n29+n34+ns!
n124n21+n344063=C
nl3+nl8+n39+nél
nl3+n26+n39+ns:
nl4+nl9+nd0+n%’
n144n27+n40+nd
n154n20+n374058=C
nl5+n284n37+n50=C
nlé+nl7+n3E+n%:
nl&+n25+n38+n%:

ditio;

n0l1+n24+nd43+n62=|
n0l+n32+nd43+n54=i
n02+n21+nd44+né3=i
n02+n29+n444n55="
n03+n22+n414n64=
n03+n30+n41+n56=i
n04+n23+nd42+nél=i
n04+n31+n42+n53=i
n05+n28+nd74n50="
n05+n20+n47+n58=|
nlé+n25+nd&+n51=!
n0é+nl7+nd€+n59=i
n07+n26+nd54n52=!
n07+n18+nd54n60=!
n08+n27+nd6+nd8=|
n0E+nl3+nd&+n57=!
n09+n32+n35+n54=i
n09+n24+n354n62=!
n10+n29+n36+n55="
nl0+n21+n36+né3=i
nll+n30+n33+n56€=!
nll+n22+n33+né4=i
n12+n31+n344n53=!
n12+n23+n344061=
nl13+n20+n39+n58=i
nl3+n28+n39+n50=!
nl4+nl7+n40+n59=i
n14+n25+n404n51="
n15+n18+n374n60=!
nl5+n26+n37+n52=!
nlé+nl3+n3&+nS57=i
nlé+n27+n38+n4 9=

R RN R e R N N R R R W W W
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nl7
n@2
n18
n@5
n@l
n21
nee < n22
// sym red
n@2 > n@s &
n@5 > n22 &

<
<
nBé <
<
<
<

2o o Qo Qo Qo Qo Qo

n38
n38

n34 &
n37 &
n33 &
ndg &
n5@ &
n53 &
n54 &
red

n37 &
n54 &

x2x2 sub cube polarization

n@s < n@4 &  nld < n1@ &
n@d < nd7 & nld < nl3 &
n@8 < n@3 & nld < nB9 &
n@8 < n19 & nld < n25 &
n@s < n2@ & nld < n26 &
n@8 < n23 &  nl4 < n29 &
n@s < n24 &  nl4 < n30 &
//sym red // sym red
né4 > nd7 & nle » nl3 &
n@7 > n24 & ni3 > n3@ &
nid < n36 &  n4p ¢ na2 &
nde < n39 &  nag < a5 &
n40 < n35 &  n4p < ndl &
n4d < n51 &  n4p < 57 &
ndd < n52 & 46 < n58 &
n4l < n55 &  n4p ¢ n6l &
ndg < n56 &  n4p < n62 &
// sym red //sym red

n36 > n39 &  n4a2 > nas &
n39 > n36 &  n45 5 ne2 &

nle
nlé

< nl2
<
nlé <
<
<
<

nl5
nll
n27
n28

nl6
nl6
nl6 < n31
nle < n32
// sum red
nl2 » nl5
nl5 > n32

g0 go go go go go @O

g0 @

n48
nd38
n4g

< n4d
<
<

ndd <
<
<

nd7
n43
n59
nd§ < né@
n48 < nb3
n48 < n64
// sym red
ndd > nd7 &
nd7 > n6d &

@0 @o go o go @O o




Polarized Reversible Cubes

27 15
|25 13--

28 16 59 47 60 48
26--14----57--45----58--46
23 11| 24 12| 55 43| 56 44
|21 9 | 2218 | 53 41 |54 42
19-- 7-|--20--- 8|--51--39-]|--52 4@ |
17 5 18 6 49 37 59 38
35 | 36 |

43 15
|41 13--

44 16 59 31 6@ 32
42--14----57--29----58--38
39 11| 48 12 | 55 27 | 56 28
137 9 | 3818 | 53 25 |54 26
35-- 7-|--36--- 8|--51--23-]--52 24 |
33 5 34 6 43 21 58 22
| 4| 19 | 20 |

|53 |54 |61 |62
51 23 52 24 59 31 6@ 32
|49 21-- 5@--22----57--29----58--30
39 19 | 49 28 | 47 27 | 48 28
137 17 | 3818 | 45 25 |46 26
35-- 7-|--36--- 8|--43--15-|--44 16 |
4 13 42 14
11 | 12 |

|57 |58 |61 |62
51 27 52 28 55 31 56 32
|49 25-- 5B--26----53--29----54--38
43 19 | 44 20 | 47 23| 48 24
[41 17 | 4218 | 45 21 |46 22
35--11-|--36---12|--39--15-|--40 16 |
33 9 34 18 37 13 38 14
3| 2| 71 8 |

|57 |58 |59 |60
53 29 54 3@ 55 31 56 32
|49 25-- 5@--26----51--27----52--28
45 21 | 46 22 | 47 23| 48 24
|41 17 | 4218 | 43 19 |42 20
37--13-|--38---14| --39--15-|--48 16 |
33 9 34 18 35 11 36 12
5 | 6 | 71 8 |

all 108 2x2 planar subset diagonals have the same sum
though those sums may differ

all 8 2x2x2 subcube partitions have the same orientation

27 23
|25 21--

28 24 59 55 6@ 56
26--22----57--53----58--54
15 19 | 16 28 | 47 51 | 48 52
|13 17 | 1418 | 45 43 |46 5@
11-- 7-|--12--- 8|--43--39-|--44 40 |
9 5 18 & 41 37 42 38
35 | 36 |

44 48 59 55 6@ 56
42--3§----57--53----58--54
15 35 | 16 36 | 31 51| 32 52
|13 33 |14 34| 29 49 |38 50
11-- 7-|--12--- 8|--27--23-]|--28 24 |
9 5 18 &6 25 21 2% 22
19 | 20 |

|41 37--

|53 |54 |61 |62
51 39 52 48 59 47 60 48
|49 37-- 5B--38----57--45----58--46
23 35 | 24 36| 31 43| 32 M4
J21 33 | 2234 | 29 41 |30 42
19-- 7-|--20--- 8|--27--15-|--28 16 |
17 5 18 6 25 13 26 14
11 | 12 |

51 43 52 44
|49 41--

55 47 56 48
50--42----53--A5----54--46
27 35| 28 36| 31 39| 32 48
|25 33 | 2634 | 20 37 |38 38
19--11-|--20---12|--23--15-|--24 16 |
18 18 21 13 22 14
3| 4| 7 | 8 |

|57 |58 |59 |60

55 47 56 48
50--42----51--A3----52--44

30 38| 31 39| 32 40
| 26 34 | 27 35 |28 36
21--13-|--22---14| --23--15-]--24 16 |
17 9 18 18 19 11 20 12
5| 6 | 71 8 |
Tocomooen p . I 4

55 59 56 6@
22--26----53--57----54--58
15 19 | 16 20| 47 51 | 48 52
113 17 | 1418 | 45 49 |46 58
7--11-|-- 8---12|--39--43-|--48 44 |
6 18 37 41 38 42
3| 4| 35 | 36 |

48 44 55 59 56 6@
3§--42----53--57----54--58
15 35| 16 36| 31 51| 32 52
[13 233 | 1432 | 29 49 |38 58
7--11-|-- B---12|--23--27-|--24 28 |
6 108 21 25 22 2
3| 4| 19 | 20 |

137 41--

|53 |54 |61 |62
39 51 49 52 47 59 43 60
|37 49-- 38--5B----45--57----46--58
23 35| 24 36| 31 43 | 32 a4
|21 33 | 2234 | 20 41 |30 42

7--19-|-- 8---28|--15--27-|--16 28 |
13 25
11 |

5 17 6 138 14 26

|57 |58 |61 |62

43 51 44 52 47 55 48 56
|41 49-- 42--5@----45--53----46--54

27 35| 28 36| 31 39| 32 40
|25 33 | 2634 | 29 37 |38 38
11--19-|--12---28|--15--23-|--16 24 |
9 17 18 18 13 21 14 22
3| 4| 7 | 8 |

|57 |58 |59 |60
45 53 A6 54 47 55 48 56
|41 49-- 42--5@----43--51----44--52
29 37 | 3@ 38| 31 39| 32 48
125 33 | 2634 | 27 35 |28 36
13--21-|--14---22|--15--23-|--16 24 |
9 17 18 18 11 19 12 20
5 | 6 | 7| g |



Polarized Reversible Cube

1-======= 2====-===33--mu-oon34
.5 | 6 |37
309, 40, 35 41 36 a2

.7

17 1% |

|21 15 | 2216 | 53 4

19--25-|--20---26|--51--57-|--52 58 |
23 29 24 30 55 61

59 | 60 |
3 B Y |

39|
40 15¢ %6
*29~==27|==45-=43~1-~61 59 |

2 30 20 66 & 62 €

|

16—

each ¢ 2x2x%2 subcude polarized

20l <nl7 & 209 call ¢ A3 < ndi s ndl < add e
a0l < n02 ¢ ofF<alds R33 < n37 &  ndl <S5 6
201 < nif & a0 cald & 533 < 08 & nél < 246 &
n0l < n0S ¢ ©0% < 028 35 233 < ndd & ndl < 25T ¢
201 < 006 ¢ alh < 226 ¢ 833 < n%0 & ndl < oSt s
n0l < n21 & =n0% < 029 & 833 < 853 & ndl < nél g
a0l < nd2 ¢ =0 033 < 054 & ndl < né2 ¢

n35 < a3 & BEI < R4S
n3s<nlpe SdIc
23S <cndd s B
n3s < n51 & 243 < $9
a3 casde B
n35 < 0S5 & B3 <
a3 <as6s DI

o en .
...

Axdxd cube
corners polar
n2Z2 <02} s 0822 < 839 ¢ a0l < add ¢ n0l < 013 &
22 <mdd ¢ n2<mnd2s ol < n04 & 801 < a6d ¢
222 <227 & Bd2 < ndd e a0l <a%2 ¢ n0lcnéls
22 <2 s 20l < nlé ¢

Polarizing Criteria

All 108 2x2 planar subset diagonals have the

same sum though those sums may differ.

All 8 2x2x2 subcube partitions have the same

orientation as the entire cube.

. . = . . N "ot +
+ 03 21T . - . 202 .
+nd5 o33 + - s 03 +
+nit & =45 « - ‘ 804+
s 02 - - B al? +
+ 030 & EHOR - 0 =12 ¢
¢ nlde nid . - & ols + n33 «
+ 035 3 250 - - & 530 4 040 =
+ 851 ¢ 203 o - & £33 ¢+ nS3 =
+n21 & oi9 - - & 038 ¢ ndd -
4037 s 235 o - ‘ R3S ¢ nSS
s ns3 s a8l + . B 0lé ¢ nS€ -
+ 02 s 205 o - 0 205 ¢ 025 -
v on38 g n2l - - s nOE + n26 »
+ 0% s 237 - & 807 4+ 827 -
a8 s nsE - - M 002 + 022 =
+ 035 ¢ 206 - - & 631 4 ndl -
+ 055 ¢ 822 . - & 022 » nd2 =
+ 028 & 238+ - s 533 + ndd =
+ndl s =54 . - ‘ B824 ¢ ndd -
* 857 & 0T . - ' n37 + 087 .
+ n2¢€ & 223 . - & 232+ 0S8 -
. na2 s B39 « - B 05 ¢+ 039 =
+ 088 ¢ 255 o - B £40 ¢ né0 -
827 0% . - ). B niS + n29 =
+ 04l g nds + - + ¢ 810 4+ 830 -
TR asl + - + . nil + n3l
825 & nS? ¢ - . i Bl2 ¢+ 032 =
+ 04l & nld + - + B 023 ¢ ndS
+ 06l ¢ 826 ¢ - . . 826 » n4€ -
+ 830 ¢ néz + - + ‘ n27 + nd7 =
+ nd6 ¢ ase + - + ‘ 522 .
+ n62 ¢ nll + - + & ndl »
+oil ¢ 227 + - + ¢ 542 +
. 287 ¢ ndd + - + & 24l
+ 063 s n39 + néd = 060 + né3 & ndd +

Reversible Criteria

R T

D I I I e I I L



108 2x2 planar subsets all sum to 130 for the Most-Perfect Cube

/f 242 cell blocks on the x,¥v plane /¢ 242 cell blocks on the x,z plane
n0l + n17 + n02 + nl&é = C & n0l + n02 + n05 + n0é = C &
nl7 + n33 + nl8 + n34 = C = nl7 + nl8 + n21 + n22 = C &
n33 + nd4% + n34 + n30 = C = n33 + n34 + n37 + n38 = C s
nd4d + n30 + n33 + n34 = C =
ni2 + nl8 + n03 + nl9 =C =
nlg + nl9 + n34 + n35 = C = n02 + n03 + nl6é + n07 = C &
n34 + n35 + n30 + ni3l = C = nld + nl9 + n22 + n23 = C =&
n34 + n35 + n38 + n39 = C =
nd3 + nl0d4 + nl8 + n20 = C = ns0 + m51 + n54 + n55 = C =
nld + n20 + n3% + n36 = C =
n3s + n36 + nd3l + n32 = C =& n03 + n04d + n07 + n08 = C s
nld + n20 + n23 + n2d4d = C =
n05 + n0é + n2l1 + n22 = C = n35 + n36 + n39 + nd40 = C s
n2l + n22 + n37 + n38 = C = n5l + n52 + n55 + n56 = C &
n37 + n38 + n53 + n54 = C =&
ndé + n07 + n22 + n23 = C = n05 + n0& + n09 + nl0 = C &
n22 + n23 + n38 + n39 =C ¢ n2l + n22 + n25 + n26 = C s
n3g + n3% + n54 + n55 = C =& n37 + n38 + ndl + nd2 = C =
n53 + n54 + n37 + n%8 = C =
nd7 + n0g + n23 + ni4 = C =
n23 + n24 + n3%9 + nd40 = C ¢ n0é + n07 + nl0 + nll = C s
n39 + n40 + n55 + n56 = C =& nZ? + n23 + n2é + n27 =C =
n3if + n39 + nd2 + nd3 = C =
nd9 + nl0 + n25 + n26 = C = n54 + n55 + n58 + n59 = C =&
n2s + n2é + ndl + nd2 = C &
n4l + n42 + n57 + n58 = C & n07 + n0& + nll + nl2 = C =
né3 + nd4 + n27 + n2g = C =
nl0 + nll + n26 + n27 = C = n3d + n40 + n43 + nd44 = C =
n2é + n27 + nd2 + nd43 = C =& n35 + n56 + n59 + néd = C s
n42 + n43 + n58 + n59 = C =
nll + nl2 + n27 + n28 = C = n0d9 + nl0 + nl13 + nld4 = C &
n27 + n28 + nd43 + ndd = C = n25 + n26 + n29 + n30 = C s
n4d3 + n44 + n59 + néd = C =& ndl + n42? + nd5 + ndé = C =
nsS7 + nS8 + nél + ne2 = C =&
nl3 + nld4 + n2% + n30 = C =
n29 + n30 + ndd + nd6 = C =& nld + nll + nld + nl5 = C s
nd5 + ndé + nél + né2 = C = n2é + n27 + n30 + n3l = C =
nd2 + n43 + ndg + nd7 = C =
nld + nl5 + n30 + n31 = C = n528 + n59 + né2 + né3 = C &
n30 + n3l + nd6 + nd7 = C =&
ndé + nd7 + né2 + né3 = C = nll + nl2 + nl5 + nlé = C =
né7 + ndd + nil + n32 = C =
nls + nlé + n3l + n32 = C = nd43 + n44 + nd47 + nd8 = C &
n3l + n32 + nd7 + n48 = C =& n3% + néld + né3 + néd = C =
nd47 + n4g + ne3 + nod = C =

nl7
nla
nla
n2i

n33
ni4
n3s
n3i4

nds
n0&

n07
n0g

n2l
n2a
n23
n24

n37
n3g
n3a
ndd

noa
nlo
nll
nlz

n2s
n2éa
na7

na2g

n4l
ndz
n43
n44

cell blocks

+ 4+ + +

+ 4+ + +

+ 4+ + +

+ 4+ + +

+ + 4+ +

nl7
nls
nla
n2d

n3i
n3d
n3s
n34

nds
nsa
n51
nsz

n2l
n2z
na3
n24

n37
n3g
n39
ndo

ns3
ns4
n33
nSé

n2s

-

n2
n27

n2g

ndl
ndz
n4i
ndd

n37
nsg
ns9
n&d

+ 4+ 4+ + + + + + + + + + + + + + + + + + + + + + + + + +

+ + + +

nds
nia
n07
nog

n2l
n2a
na3
nzd

n37
n3g
n3s
n40

nids
nl0
nll
nl2

na2s

-

n2
n27
n2g

ndl
n4z2
nd3
n4dd

nl3
nld
nls
nléa

n29
n3ad
n3il
n3z

n43
n4a
nd’7
n4g

on the ¥,z plane

+nil =C =
+ niz2 =C &
+ n2i =C &
+ n2d =C =
+ ni7 =0C &
+n3g =0C s
+n3ig==C =
+ ndd = C =&
+ni3 =0C s
+ nid =C =&
+n3i5=C =
+ nig = C &
+nis =C s
+ n2é =C &
+ nd7=20C=s
+ n28 C =
+ ndl = C &
+ nd2 = C =
+ nd3 =C =&
+ndd = C =
+ nd7 =0C =
+ nig =C =&
+n38 =C =
+ nél = C &
+nid =0C s
+n30 =C =&
+n3l=2Cs
+ niz =C &
+ nds =C =&
+ ndg = C =&
+ nd7 =C &
+ ndg = C =
+ nfl = C =&
+ né2 = C &
+ né3 =C s
+ ned = C




Mixing and matching different criteria to produce a cube.

|22 |22 |53 |54
15 19 16 20 47 51 48 52
[13 17-- 14--18----45--49----46--50
31 11| 32 12| 63 43 | 84 44 |
|29 9 | 3818 | 61 41 |62 42
7--27-|-- 8---28|--39--59-|--48 &0 ||
5 25 6 26 37 57 38 58
3 4| 35 | 36 |

Pan-triagonal and Polar

R 4mmmmm e 30mmmmmm e 59
11 128 |34 | 7
60 16 29 41 39 19 2 54

| & 52-- 33=-fl-mm=27-=d4T--m- g2--10
14 53 | 43 20 | 17 42 | S& 15 |
S0 9 | 23 48 | 45 22 |12 51

55— 3-|--46---3&|--44--32-1--13 57 |
11 &3 46 28 24 38 49 5

Pan-triagonal and self complementary
Magic Cube

Most-Perfect, Polar,

|61 |35 |62 |36

43 20 53 14 44 19 54 13

| 2 57-- 32--39---- 1--58----31--48

22 47 | 12 49| 21 48| 11 5@ |

[63 6 |3328| 64 5 |34 27

41--18-|--55---16] --42--17-]--56 15 |
4 59 3@ 37 3 68 29 38
45 | 51 | 46 | 52 |

RowColPil Reversible

2

9 3 41 33 1 37 53 |
110 8 | 26 24 | 42 40 |58 56
3 7 |

(4]

]
(o)

13--11-|--2 |--45--43-|--61 59
14 12 30 28 46 44 62 &
15 1 31| 47 | 63 |

I

I

|
(%]

Cube form for coding criteria




