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Abstract. This is an example of the exercise of transforming binomial expres-

sions like [1, A262717] to Γ-functions to characterize the generating functions

as Generalized Hypergeometric Functions, eventually to obtain a D-finite re-
currence.

1. Hypergeometric reduction
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a first step is to represent the binomial coefficients with n! = Γ(n+ 1) [2, 5.4.1] as
ratios of Γ-functions and to assign a single Γ-product ratio to a(n):

(2) a(n) = −[−2Γ(3n− 1)Γ(2n+ 1)Γ(2n)n2 + Γ(3n− 1)Γ(2n+ 1)Γ(2n)n

+ Γ(3n− 1)Γ(2n+ 1)Γ(2n)− 2Γ(3n+ 1)Γ(2n− 1)Γ(2n)n2

−Γ(3n+1)Γ(2n−1)Γ(2n)n+Γ(3n+1)Γ(2n−1)Γ(2n)+4Γ(3n)Γ(2n−1)Γ(2n+1)n2−Γ(3n)Γ(2n−1)Γ(2n+1)]

/[(2n− 1)(2n+ 1)Γ(n+ 1)Γ(2n− 1)Γ(2n+ 1)Γ(2n)].

The fundamental equation xΓ(x) = Γ(x+ 1) [2, 5.5.1] condenses these factors:
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, (n ≥ 1).

The generating function is by definition
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∑
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and we separate the first 2 terms to avoid the poles in the denominator:
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Reduction to Pochhammer Symbols reads [3, 4]
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The penultimate line means

(7) an+2 =
(6)n(5/3)n(2)n(7/3)n(27/4)n

(5)n(3)n(7/2)nn!

and demonstrates the ‘standard’ D-finite recurrence for the coefficients obtained for
Generalized Hypergeometric Series, employing (α)n/(α)n−1 = α+ n− 1:
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.

With in index shift of 2 this is the formula of 2017:
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.
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