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Let F be the set of all functions f that are analytic on some ring {z : p(f) < |2| < 1}
and omit the values of both 0 and 1 there. Each function is defined in its own distinct
ring. By omit, it is meant that f(z) ¢ {0,1} for all z. We assume p(f) to be as
small as possible. Let G C F consist of all functions that are analytic on the open
unit disk D. Thus, for f € G, we have

0 if f is never 0 or 1,

p(f) = { sup{|z|: f(2) € {0,1}}  otherwise.

Given a real number a, the a-points of f are the points z for which f(z) = a. Of
course, 0-points are more commonly referred to as zeroes.
Consider the circle o defined by

{#: 12 = V(D]

with counterclockwise orientation, and let v, be the image of o under f. The index
(or winding number) of v, with respect to the point a is

1 dz

n(Vf’a) = il Z—a

vr

Our interest is in the scenario when n(v;,0), n(v;,1) are nonzero and distinct; with-
out loss of generality, we assume that n(vy;,0) > n(y;,1). Let F'(Ng, N1) C F consist
of all functions f with n(vy;,0) = Ny and n(vy;,1) = Ny. Let G(Mo, M;) € G consist
of all functions g with exactly one 0-point [of multiplicity M| and exactly one 1-point
[of multiplicity M;]. Again, we focus on My # 0, M; # 0 and My # M;; without
loss of generality, assume that My > M.

Gol'dberg [1] studied constants similar to

A(No, Nv) =inf {p(f) : f € F(No, N1)},

B(My, My) = inf{p(g) : g € G(Mo, M)} .
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Bergweiler & Eremenko [2] discovered closed-form expressions:

71.2

A(2,1) =v =exp (—m

) = 0.0037015991...,

2

A(3,1) = A(3,2) = exp <_h1(5):TL—2\/6)

7T2

In (7 + 4+/3)

) = 0.0134968456...,

A(4,1) = A(4,3) = exp (- > — 0.0235855221....

and moreover proved that
A=inf{p(f): f€ Fand Ny > N, > 1} =v.

(Gol'dberg’s original bounds for A were strengthened by Jenkins [3].) The numerical
computation of
B(2,1) = = 0.0252896...,

B(3,1) = 0.084924...,  B(3,2) = 0.227417...,
B(4,1) = 0.140571...,  B(4,3) = 0.290697...

is more difficult — no precise formulas are known — and it is merely conjectured that
B =inf{p(g) : g € G and My > M, > 1} = p.

(The best lower bound 0.00587 for B in [2], improving on [4, 5, 6], is still far off.) An
elaborate construction of a certain transcendental analytic function on D possessing
exactly one 0-point at —pu [with My = 2] and exactly one 1-point at p [with M; = 1]
occupies much of the discussion in [2]. It shows that B < u. A proof that B > pu
remains open.

0.1. Belgian Chocolate Problem. Here the difficulties of construction are over-
whelming. What is the smallest 7 > 0 for which there exists an analytic function on
D possessing exactly one 0-point at 0 [of multiplicity 1] and exactly two 1-points at
+7 [each of multiplicity 1]7 The current best bounds are [2, 7]

0.01450779 < 7 < 0.10913022.

Blondel’s question [8, 9] is often phrased as follows. Let a(z) = 22 — 26z + 1 and
b(z) = 22 —1. What is the largest § > 0 for which there exist stable real polynomials
p and g with deg(p) > deg(q) such that ap + bq is stable? (A polynomial is called
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stable if all its zeroes are in the left half plane.) The numbers 7 and § are related
by
1-6 17

Y e S
T 1446’ 1+ 72

and the current best bounds are
0.97646152 < § < 0.99957913.

Incremental progress in specifying such constraints is found in [4, 10, 11, 12, 13, 14].

0.2. Landau’s Theorem with Explicit Bound. If an analytic function g on
D omits the values of both 0 and 1, then [15, 16, 17]

19(0)] < 2[g'(0)[ (|In[g(0)]| + K)
where the constant

1 1\*
K=—T I — 4.3768792304...

is best possible. Other occurrences of K are similar to results appearing in [18].
If analytic ¢ satisfies g(0) = 0 and ¢’(0) = 1, then g(D) covers a segment of each
line passing through the origin; further, each segment has length at least 2/K =
0.4569465810... and this is sharp [19, 20, 21]. If analytic g satisfies g(—z) = —g(z)
for all z € D and ¢'(0) = 1, then g(D) covers a disk with center at the origin and
radius 1/K = 0.2284732905...; again, this is sharp [8, 22]. The presence of the elliptic
modular function

T 1 + exp(2nmiz) ®
J(z) = 16 exp(miz) H (1 exp(2n = 1)mi7) Im(z) >0
n=1
I iz
J(i) K
is keenly felt here.
REFERENCES

[1] A. A. Goldberg, A certain theorem of Landau type (in Russian), Teor. Funkcii
Funkcional. Anal. i Prilozen. 17 (1973) 200206, 246; MR0352464 (50 #4951).

[2] W. Bergweiler and A. Eremenko, Gol'dberg’s constants, J. d’Analyse Math. 119
(2013) 365-402; arXiv:1111.2296; MR3043157.

[3] J. A. Jenkins, On a problem of A. A. Gol'dberg, Annales Univ. Mariae Curie-
Sktodowska Sect. A 36/37 (1982/83) 83-86; MR0808435 (87m:30011).



GOLDBERG’S ZERO-ONE CONSTANTS 4

[4] V. D. Blondel, R. Rupp and H. S. Shapiro, On zero and one points of ana-
lytic functions, Complex Variables Theory Appl. 28 (1995) 189-192; MR 1700083
(2000d:30008).

[5] P. Batra, On small circles containing zeros and ones of analytic functions, Com-
plex Var. Theory Appl. 49 (2004) 787-791; MR2097217 (2005h:30010).

[6] P. Batra, On Gol'dberg’s constant Az, Comput. Methods Funct. Theory 7 (2007)
33-41; MR2321799 (2008£:30013).

[7] N. Boston, On the Belgian chocolate problem and output feedback stabilization:
Efficacy of algebraic methods, 50" Annual Allerton Conference on Communi-
cation, Control, and Computing, 2012, pp. 869-873.

[8] V. D. Blondel, Simultaneous Stabilization of Linear Systems, Lect. Notes in Con-
trol and Info. Sci. 191, Springer-Verlag, 1994, pp. 118-124, 132-144, 149-150,
160-168; MR 1254658 (95m:93001).

[9] V. D. Blondel, Simultaneous stabilization of linear systems and interpolation
with rational functions, Open Problems in Mathematical Systems and Control
Theory, ed. V. D. Blondel, E. D. Sontag, M. Vidyasagar and J. C. Willems,
Springer-Verlag, 1999, pp. 53-59; MR1727924 (2000g:93003).

[10] R. Rupp, A covering theorem for a composite class of analytic functions, Complex
Variables Theory Appl. 25 (1994) 35-41; MR 1310853 (96¢:30006).

[11] R. Rupp, A note on covering theorems for composite classes of analytic functions,
Mitt. Math. Sem. Giessen 223 (1995) 65-73; MR1368244 (97b:30005).

[12] V. V. Patel, G. Deodhare and T. Viswanath, Some applications of random-
ized algorithms for control system design, Automatica 38 (2002) 2085-2092;
MR2134873.

[13] YJ Chang and N. V. Sahinidis, Global optimization in stabilizing controller
design, J. Global Optim. 38 (2007) 509-526; MR2335309 (2008d:93055).

[14] J. V. Burke, D. Henrion, A. S. Lewis and M. L. Overton, Stabilization via
nonsmooth, nonconvex optimization, IEEE Trans. Automat. Control 51 (2006)
1760-1769; MR2265983 (2007h:93082).

[15] W. T. Lai, The exact value of Hayman’s constant in Landau’s theorem, Sci.
Sinica, v. 22 (1979) n. 2, 129-134; MR0532327 (80k:30002).



GOLDBERG’S ZERO-ONE CONSTANTS 5

[16] J. A. Hempel, The Poincaré metric on the twice punctured plane and the
theorems of Landau and Schottky, J. London Math. Soc. 20 (1979) 435-445;
MRO0561135 (81¢:30025).

[17] J. A. Jenkins, On explicit bounds in Landau’s theorem. II, Canad. J. Math. 33
(1981) 559-562; MR0627642 (83a:30026).

[18] S. R. Finch, Bloch-Landau constants, Mathematical Constants, Cambridge Univ.
Press, 2003, pp. 456—459.

[19] G. M. Goluzin, Geometric Theory of Functions of a Complex Variable, Amer.
Math. Soc., pp. 72-75, 86-89; MR0247039 (40 #308).

[20] A. Bermant, Dilatation d’une fonction modulaire et problémes de recouvrement
(in Russian), Rec. Math. [Mat. Sbornik] 15 [57] (1944) 285-324; MR0013415
(7,150d).

[21] A. Yu. Solynin and M. Vuorinen, Estimates for the hyperbolic metric of the
punctured plane and applications, Israel J. Math. 124 (2001) 29-60; MR1856503
(2002:30071).

[22] Z. Nehari, Conformal Mapping, Dover Publ., 1975, pp. 318-332; MR0377031 (51
#£13206).



