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A sequence (a(n))n≥1 of elements of an integral domain D is a divisibility sequence if a(n)
divides a(nm) for all n,m and a(n) 6= 0 . We call a(n) a linear divisibility sequence of order
k if the sequence also satis�es a homogeneous linear recurrence of order k with coe�cients
in D. In [2], Lucas studied a 2-parameter family of second-order divisibility sequences of
integers. Lehmer [1] extended the Lucas sequences to a family of fourth-order linear divisi-
bility sequences, dependent on two integer parameters P and Q, with an ordinary generating
function (o.g.f.) of the form

z(1 + z +Qz2)

1− (P − 2Q)z2 +Q2z4
.

Williams and Guy [4] found another family of fourth-order linear divisibility sequences, de-
pendent now on three integer parameters P1, P2 and Q, having the o.g.f.

z(1−Qz2)
1− P1z + (P2 + 2Q)z2 − P1Qz3 +Q2z4

.

In this note we construct, for each positive odd integer p, a 2-parameter family of fourth-order
linear divisibility sequences distinct from those considered by Lehmer and Williams and Guy.
The construction depends on the following result.

Proposition 1

Let p be a positive odd integer. The sequence of homogeneous polynomials P(n, x, y) de�ned
by the formula

P(n, x, y) = (xn + yn)(xpn − ypn) (1)

is a linear divisibility sequence of order 4 in the integral domain Z[x, y] .

Proof

Clearly,
P(nm, x, y)

P(n, x, y)
=

P(m,X, Y )

P(1, X, Y )
,

where X = xn and Y = yn. Thus to show that P(n, x, y) divides P(mn, x, y) in the ring
Z[x, y] it is su�cient to show that P(1, x, y) divides P(m,x, y) in Z[x, y] for every m. We
verify this is true on a case-by-case basis by writing P(m,x, y)/P(1, x, y) as a product of
polynomials in Z[x, y]:

Case 1) m is odd: P(m,x, y)/P(1, x, y) equals f(x, y)g(x, y), where

f(x, y) =
xm + ym

x+ y

and

g(x, y) =
(xpm − ypm)

(xp − yp)
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are easily seen to be polynomials in Z[x, y].

Case 2) m = 2r is even with r odd: P(m,x, y)/P(1, x, y) equals f(x, y)g(x, y)h(x, y), where

f(x, y) = xm + ym

g(x, y) =
(xpr + ypr)

(x+ y)

and

h(x, y) =
(xpr − ypr)
(xp − yp)

are polynomials in Z[x, y].

Case 3) m = 2r is even with r even: P(m,x, y)/P(1, x, y) equals f(x, y)g(x, y)h(x, y), where
now

f(x, y) = xm + ym

g(x, y) = xpr + ypr

h(x, y) =
(xpr − ypr)

(x+ y)(xp − yp)

all belong to Z[x, y]; here h(x, y) is a polynomial since the polynomials x + y and xp − yp
are coprime in the UFD domain Z[x, y] for p odd, and both divide xpr − ypr when r is even.
Thus P(n, x, y) is a divisibility sequence.

To see that the sequence P(n, x, y) obeys a fourth-order linear recurrence we calculate the
o.g.f. of the normalized sequence P(n, x, y)/P(1, x, y).

From (1), we see that the o.g.f. ∑
n≥1

P(n, x, y)

P(1, x, y)
zn,

is a sum of four geometric series, and so will be a rational function of the form zN(z)/D(z)
for polynomials N(z) and D(z). A short calculation yields

N(z) = 1− 2xy
xp + yp

x+ y
z + (xy)p+1z2 (2)

D(z) = (1− xp+1z)(1− xpyz)(1− xypz)(1− yp+1z). (3)

From the form of the denominator polynomial D(z), we see that the normalized sequence
P(n, x, y)/P(1, x, y), and hence also the sequence P(n, x, y), satis�es a linear recurrence of
order 4, whose coe�cients are polynomials in Z[x, y]. �
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Integer divisibility sequences

We can use Proposition 1 to get fourth-order linear divisibility sequences of integers by
specializing the values of x and y in the polynomials P(n, x, y), for example, by taking x and
y to be distinct integers. However, more is possible as we now show.

Consider the normalized polynomials A(n, x, y) := P(n, x, y)/P(1, x, y). Observe from (1)
that for each n, A(n, x, y) is a symmetric polynomial that is also invariant under change of
sign of the variables x and y

A(n, x, y) = A(n, y, x) = A(n,−x− y).

Clearly, the same symmetries also hold for the polynomial A(nm, x, y)/A(n, x, y) for all nat-
ural numbers n,m. It is a simple consequence of the fundamental theorem of symmetric
polynomials that these polynomials can be written as a polynomials with integer coe�cients
in the symmetric functions (x+ y)2 and xy. Thus in order for A(n, x, y) to be a divisibility
sequence consisting of integers it su�ces to choose values for x and y so that both (x+y)2 and
xy are integers. Accordingly, let P and Q be nonzero integers and de�ne complex numbers
α and β by

(α+ β)2 = P

αβ = Q (4)

so that α and β are the roots of the quadratic equation x2 −
√
Px+Q = 0. We also assume

that α/β is not equal to a root of unity. Then

A(n, α, β) =
(αn + βn)(αpn − βpn)

(α+ β)(αp − βp)
(5)

is a well-de�ned fourth-order linear divisibility sequence of integers.

Example 1 Suppose that p = 3. The o.g.f of the sequence A(n) ≡ A(n, α, β) given by (5)
can be calculated from (2) and (3). It is straightforward to express this result in terms of
the integer parameters P and Q. We �nd∑

n≥1

A(n)zn =
zN(z)

D(z)
,

where
N(z) = z(1− 2Q(P − 3Q)z +Q4z2) (6)

and

D(z) = 1− P1z + (P2 − 2Q4)z2 − P1Q
4z3 +Q8z4

= (1 +Q(2Q− P )z +Q4z2)(1− (P 2 − 4PQ+ 2Q2)z +Q4z2) (7)

where
P1 = P (P − 3Q) and P2 = PQ(P 2 − 6PQ+ 10Q2) .

From (7), we see that A(n) satis�es the fourth-order linear recurrence
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A(n) = P1A(n− 1)− (P2 − 2Q4)A(n− 2) + P1Q
4A(n− 3)−Q8A(n− 4) .

Example 1 continued Still with p = 3 choose P = 5 and Q = 1.

Then by (4), α = (1 +
√
5)/2 = φ , the golden ratio, and β = 1/φ. The sequence A(n) ≡

A(n, α, β) of (5) is given by the formula

A(n) =
1

4
√
5
(φn + φ−n)(φ3n − φ−3n)

with o.g.f. from (6) and (7) equal to

1− 4z + z2

(1− 3z + z2)(1− 7z + z2)
.

The �rst few terms of the sequence are 1, 6, 38, 252, 1705, 11628, 79547, 544824, .... This is
A215466 in the database.
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