On the determinant of a symmetric matrix

Sela Fried

This note is concerned with sequence A204238, which corresponds to the
determinant of a certain symmetric matrix. We obtain a closed form formula
for A204238(n), which immediately confirms conjectures by Barker.

Theorem 1. Let n € N and let M, be the symmetric matriz of size n given
by (My)ij = f(i,j) = max(3i — 7,35 —i). Set a(n) = det(My,). Then,

a(n) = (~4)"2(1 — 9n). 1)
Proof. Clearly, f(i,7) = 3(i + j) — 4min(é,j). Define matrices A4, and
K, by (An)ij = i+ j and (K,);; = min(i,j), respectively. Then M, =
34, — 4K, and therefore det(M,) = (—4)"det(K, — 2A,). It is folklore

that det(K,) = 1. One way to see this (see comment by Berry in A003983)
is to write K,, = LnLZ, where L,, is the square matrix of size n defined by

1, ifi>j,
L) — =
(En)i {0, ifi<j.

Then, det(K,,) = det(L,)? = 1. Thus, K, is invertible and by direct calcu-
lations one verifies that K, ! is the tridiagonal matrix given by

(K, Vi =

n

2, if1<i<n-—1,
)m_ P
1, ifi=n,

(K i = (K igrs = — 1.

Let 1 = (1,...,1)T and v = (1,2,...,n)". Then —%An = UVT where U
and V are the two matrices of size n x 2 defined by U = —% (u 1) and
V= (1 u), respectively. By the matrix determinant lemma,

det(K, + UVT) = det(K,) det(lo + VT K 1U) = det(I, + VT K 1U).

It is easily verified that
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Thus,

a(n) = det(M,) = (—4)" det(K,—2A,) = (—=4)" det(K,+UVT) = (=4)"2(1-9n).

O
Corollary 1. Let n € N such that n > 3. Then
a(n) = —8a(n — 1) — 16a(n — 2).
Furthermore, the ordinary generating function for the a(n)s is given by

z(z —2)
(4x +1)%°

Proof. Tt follows from the closed form formula for a(n) that a(n) is annihi-
lated by (E+4)2, where E is the shift operator Ea(n) = a(n+1). Expanding
(E + 4)? = E? + 8E + 16, we obtain the asserted recurrence, from which,
the ordinary generating function immediately follows. O
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