Maple-assisted proof of formula for A203455
Robert Israel
27 June 2018
There are
configurations for a
sub-array. Consider the
transition matrix
with entries
if the bottom two rows of a
sub-array could be in configuration while the top
two rows are in configuration (i.e. the top row of configuration is the bottom row of configuration ,
and every nonzero element of the middle row is less than or equal to at least two of its neighbours), and
0 otherwise. The following Maple code computes it. Configurations are encoded as 6-element lists,
corresponding to base-3 digits, in the order
.
> Configs:= [seq(convert(3^6+i,base,3)[1..6],i=0..3^6-1)]:
> Compatible:= proc(i,j)
if not Configs[i][1..3]=Configs[j][4..6] then return 0 fi;
if Configs[i][1] <= sort([Configs[i][2],Configs[i][4],Configs[j]
[1]])[2]
and Configs[i][2] <= sort([Configs[i][1],Configs[i][3],Configs
[j][2],Configs[i][5]])[3]
and Configs[i][3] <= sort([Configs[i][2],Configs[i][6],Configs
[j][3]])[2]
then 1 else 0
fi
end proc:
> T:= Matrix(729,729,Compatible):
Thus for
where is a row vector with entries 1 for configurations where each
bottom row entry is less than or equal to at least two neighbours, 0 otherwise, and is a column vectors
with entries 1 for configurations where each top row entry is less than or equal to at least two
neighbours. The following Maple code produces these vectors.
> u:= Vector[row](729, i -> `if`(Configs[i][4] <= min(Configs[i]
[1],Configs[i][5]) and
Configs[i][5] <= sort([Configs[i][4],Configs[i][2],Configs[i][6]]
)[2] and
Configs[i][6] <= min(Configs[i][5],Configs[i][3]),1,0)):
v:= Vector[column](729, i -> `if`(Configs[i][1] <= min(Configs[i]
[2],Configs[i][4]) and
Configs[i][2] <= sort([Configs[i][1],Configs[i][5],Configs[i][3]]
)[2] and
Configs[i][3] <= min(Configs[i][2],Configs[i][6]),1,0)):
To check, here are the first few entries of our sequence.
> TV[0]:= v:
for n from 1 to 37 do TV[n]:= T . TV[n-1] od:
> A:= [seq(u . TV[n],n=0..37)];
(1)

(1)

Note that
is not included here. The verification of the empirical recurrence for
, which
involves
, must be done separately.
> n:= 'n':
empirical:= a(n) = 18*a(n-1) -133*a(n-2) +640*a(n-3) -2309*a(n-4)
+5762*a(n-5) -9918*a(n-6) +8864*a(n-7) +2970*a(n-8) -18151*a(n-9)
+23183*a(n-10) +21799*a(n-11) -75109*a(n-12) +56329*a(n-13)
-9892*a(n-14) -115814*a(n-15) +105665*a(n-16) +64162*a(n-17)
-38348*a(n-18) +8767*a(n-19) +54790*a(n-20) -95246*a(n-21)
-139155*a(n-22) +81259*a(n-23) +104482*a(n-24) +18968*a(n-25)
-2909*a(n-26) -41630*a(n-27) -37578*a(n-28) +6670*a(n-29) +17693*
a(n-30) +5629*a(n-31) -713*a(n-32) -928*a(n-33) -300*a(n-34) -52*
a(n-35) -4*a(n-36):
> eval(empirical, {a(n-36)=1, seq(a(n-i)=A[36-i],i=0..35)});
(2)
Now here is the minimal polynomial of , as computed by Maple.
> P:= unapply(LinearAlgebra:-MinimalPolynomial(T, t), t);
(3)

> degree(P(t));
63
This turns out to have degree

, but with the
where

and

(4)
coefficients 0. Thus we will have

is the coefficient of

in

That corresponds to a

homogeneous linear recurrence of order , which would hold true for any and , after a delay of .
It seems that with our particular and we have a recurrence of order only , corresponding to a
factor of .

> Q:= unapply(add(coeff((lhs-rhs)(empirical),a(n-i))*t^(36-i),i=0.
.36),t);
(5)

The complementary factor

has degree

, again with the lowest two coefficients .

> R:= unapply(normal(P(t)/Q(t)),t);
(6)

> degree(R(t));
27
Now we want to show that
recurrence

where

are the coefficients of

(7)
for all

. To show all

. This will certainly satisfy the

it suffices to show

First we compute
, then multiply it with the already-computed
.
> UT[0]:= u:
for n from 1 to 36 do UT[n]:= UT[n-1].T od:
w:= add(coeff(Q(t),t,j)*UT[j],j=0..degree(Q(t))):
> seq(w . TV[n],n=0..26);
(8)
This completes the proof.

