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NAME: Irregular triangle read by rows: row n gives the expansion of the g.f.
for descending plane partitions (DPPs) of order n and no special parts, with
weight equal to the sum of the parts.

Striker [1, Corollary 6] shows that the generating function Dn(q) for DPPs of
order n and no special parts (with weight equal to the sum of the parts) equals

n∏
i=1

[i]qi

where the q-number [k]q = 1 + q + q2 + ...+ qk−1.

Since [i]qi =
(
1− qi2

)
/
(
1− qi

)
, the generating function for descending plane

partitions is given by

Dn(q) =

n∏
i=1

1− qi2

1− qi
.

The purpose of this note is to give an alternative combinatorial interpretation
of this generating function in terms of an inversion statistic on the set Sn of
permutations of {1, 2, ..., n}.

We write permutations π in Sn in one-line notation, that is, π = π1π2 · · ·πn,
where πi = π(i). If i < j and πi > πj , the pair (πi, πj) is called an inversion of
the permutation π. The inversion number of π, denoted inv(π), is the number
of inversions in π:

inv(π) =
∑

1 ≤ i < j ≤ n
πi > πj

1.

The generating function of the inv statistic on the set Sn of permutations of
length n is given by (see A008302)∑

π∈Sn

qinv(π) =

n∏
i=1

[i]q.

Let now k be a nonnegative integer. We generalise the inversion statistic inv
by de�ning the k-th inversion number of a permutation π, denoted invk(π), as

invk (π) =
∑

1 ≤ i < j ≤ n
πi > πj

πki .
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In particular, inv0 (π) = inv(π).

Proposition. Let

Dn(q) =

n∏
i=1

1− qi2

1− qi

denote the generating function for descending plane partitions. Then

Dn(q) =
∑
π∈Sn

qinv1 (π).

Proof. By induction on n. Clearly, when n = 1, D1(q) = 1 =
∑
π∈S1

qinv1 (π).

Let now n > 1. We make the inductive hypothesis that Dn−1(q) =

n−1∏
i=1

1− qi2

1− qi
.

Consider a permutation π ∈ Sn−1 of length n− 1. Inserting the number n in
the jth position of π, j = 1, 2, ..., n, produces a permutation, call it π′, in Sn of
length n and each of the n! permutations in Sn can be obtained (uniquely) by
this process. Since n is larger than every element in the set {1, 2, ..., n− 1} the
insertion of n in the jth position of π gives rise to an additional n− j inversions
in the permutation π′. Thus inv1 (π

′) = inv1(π) + n(n− j). Therefore,

Dn(q) =
∑
π′∈Sn

qinv1 (π).

=
∑

π∈Sn−1

qinv1 (π) ×
(
qn(n−1) + qn(n−2) + · · · q2n + qn + 1

)

=

n−1∏
i=1

1− qi2

1− qi
×

1− qn2

1− qn
, by the inductive hypothesis,

=

n∏
i=1

1− qi2

1− qi

and the induction goes through. �
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