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Abstract. The integer sequences A190249, A190250 and A190251 of the On-Line Encyclo-
pedia are characterized by conditions on the fractional part of multiples of the golden ratio.

Let f : n 7→ f(n) denote the sequence A190248 of [1] defined as follows

f(n) = bnu + nv + nwc − bnuc − bnvc − bnwc
where u = Φ = (

√
5 + 1)/2 is the golden ratio, v = Φ2, w = Φ3, and for x ∈ R, floor bxc is the

greatest integer ≤ x.
The fractional part {x} is defined via {x} = x− bxc. For k ∈ N it holds bk + xc = k + bxc.

Thus, bnu + nv + nwc = bnuc+ bnvc+ bnwc+ b{nu}+ {nv}+ {nw}c and, hence,

f(n) = b{nu}+ {nv}+ {nw}c.
Note that Φ2 = 1+Φ and Φ3 = Φ(1+Φ) = Φ+(1+Φ) = 1+2Φ. Thus, and by {k+x} = {x},

f(n) = b{nΦ}+ {nΦ}+ {n2Φ}c.
Moreover, by {kx} = {k{x}},

f(n) = b2{nΦ}+ {2{nΦ}}c (1)

As {x} < 1/2 implies {2{x}} = 2{x}, and by (1), it holds

{nΦ} < 1/2 implies f(n) = b4{nΦ}c (2)

As {x} > 1/2 implies {2{x}} = 2{x} − 1, and by (1), it holds

{nΦ} > 1/2 implies f(n) = b4{nΦ}c − 1 (3)

By (2), the 1st and 2nd, and by (3), the 3rd and 4th of the following implications hold
{nΦ} < 1/4 ⇒ f(n) = 0,

1/4 < {nΦ} < 1/2 ⇒ f(n) = 1,
1/2 < {nΦ} < 3/4 ⇒ f(n) = 1,

{nΦ} > 3/4 ⇒ f(n) = 2.
The sequences A190249, A190250, A190251, resp., are defined as positions of 0, 1, 2, resp.,

in A190248. We conclude that
{nΦ} < 1/4 characterises A190249,

1/4 < {nΦ} < 3/4 characterises A190250,
{nΦ} > 3/4 characterises A190251.
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