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By definition, a(n) is the coefficient of 231" in
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But since all terms in the expansion involving z3'("*1) have exponent greater than 81n,

we can omit the z81("+1): ¢ is the coefficient of 281" in
(1 _ anrl)( 6(n+1) ) 1— g+l x16(n+1) + x17(n+1)
(1 —a)(1- xlﬁ)(l =) (- o)1 - a0 — M)

If b(n) is the coefficient of 2™ in 1/((1 — z)(1 — x1%)(1 — 2®1)), this can be written as
a(n) = aij(n) — az(n) — az(n) + ag(n) where

ai(n) = b(81n)
az(n) = b(80n — 1)
as(n) = b(65n — 16)
as(n) = b(64n — 17)

Let g;i(n) = a;j(n) — 2a;(n — 1) a;(n —2) —a;(n —81) + 2a;(n — 82) + a;(n — 83).

The empirical formula a(n) = 2a(n —1) —a(n —2) —a(n —81) + 2a(n — 82) — a(n — 83)
corresponds to ¢i(n) — g2(n) — ¢z(n) + qa(n) = 0 for n > 84. In fact, I will show that
q1(n) = g3(n) while g2(n) = q4(n) = 0.

If T is the shift operator Th(n) = b(n + 1), we have (T — 1)(T¢ — 1)(T® —1)b =0

Thus for n > 84,

qi(n) = (781" — g8in=8lL | p8In=162 _ p8ln=6561 | op8In—6642 _ p8In=6723)4) ()
— SIn=6723 (81 _ 1)2( 7812 _ 1y()(0)



and
0+ 16) — gy (n) = (T915 )T (T8 1215 1) (b)(0)
Noting that (28116 — 1)81n—6723(,81 _ 1)2(,81* _ 1) ig divisible (as a polynomial in z) by
(281 —1)(216 — 1)(2 — 1), we see that q1(n + 16) — q1(n) = 0, i.e. ¢ is periodic with period
16.
Similarly,
qg(n) — T65n—5411(T65 _ 1)2(T65'81 o 1)(b)(0)

and (265%16 — 1)205m =541 (565 _ 12,6581 _ 1) i5 divisible by (8! —1)(2'¢ —1)(z — 1), so g3
is periodic with period 16. Moreover, it turns out (by computation) that

q1(n) = ¢3(n) = (0,0,0,0,0,0,0,0,0,0,0,0,1,—1,0,0) for n =84...84 + 15

and so ¢1(n) = g3(n) for all n > 84.
Next,
QQ(TL) — T80n76641 (TSO _ 1)2(T80-81 _ 1)(b)(0)

with 280m—06641(;80 _ 1)2(,808L _ 1) divisible by (28 — 1)(21¢ — 1)(z — 1), so g2(n) = 0.
Similarly,
Q4(n) — T64n—5329(T64 o 1)2(T64-81 o 1)(b)(0)
with 20479329564 _ 1)2(26481 _ 1) divisible by (28! — 1)(2'6 — 1)(z — 1), so qu(n) = 0.
This completes the proof.



