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Date: Fri, 10 Sep 2010 13:29:15 -0600 (MDT) ﬂq’éége (

From: Richard Guy <rkg@cpsc.ucalgary.ca>

To: Ed Pegg <ed@mathpuzzle.com>, math-fun <math-fun@mailman.xmission.com>

Cc: "Sequence Fans -- N. J. A. Sloane" <njas@research.att.com>, segfan-bouncesd
list.segfan.eu, Sequence Fanatics Discussion list <segfan@list.segfan.eu>
Subject: Re: [math-fun] Triangular+Triangular = Factorial

Just cleaning up old email, so this is a very,
very belated response, which may have been taken
care of by someone long ago. Copied to seqgfans,
in case someone wants to make a sequence or

two ot of it. Solutions of

lus (2 3 =
x(x+1) /2 + y(y+1)/2 = z! NO Spltwvs

are solutions of (2x+1)°2 + (2y+1)7*2 = 8(z!) + 2 ’Lf'

and the first few values of 2z for which there 6 I’ )Z. ) e
are solutions can easily be ascertained: ) p, /

(6% .5 * 80,1,0); (0,X,1), (1,%,.2); ©0,3,3), (2.2.3). y
(2,6,4), (0,15,5), (5,14,5), (45,89,7), (89,269,8), )5;20

(oal, BaS, ), {160:23810,30), (17180,2030,10},

DORE 2oy B =1, 12; o8 Tor = 13

(see Ed’s solution below), none for 2z = 14,

tw- for 3 = 15 (see below), one for -z = 16, 2
ENE Tt v 17T, e -tery. 2 » 18, 1%9; &0,

WO Tor:- 2 =31, #ione Tor z = 22, £3,

two for 2z = 24, nene Toy 3z = 25, 26,

eight for =2z = 237, ong g =2 = 28,

I nahe Tor e = 30, 31,
3% 33 9sxtuan - for T = 3%,

two o - X
four ftor =

none for 2 I8, 30, v 8% :
e fTor. 2 ='dd. tone Tor 2z - 43, 44, ..., 48,

siirean Ffor =z = 49, nona Tor z = 50, 51, 52, 53,

ShE Tor 2 % 654, nohe Tor k= 55, 58, ..., &5,

two Tor & = 66, none foxr z = 67,

sixteen for 2z = 68, ;

(E&OE, and PARI is slowing down a bit now: AND it would

take rather longer to find the actual solutions!) R.

On Tue, 20 Jan 2009, Ed Pegg

Jr wrote:

> A very belated response.

>

> Not squares, but related. Using Triangular numbers.
3-8 10 - 15 231

>

» N3} = 5]

> i3] &+ TI6] = 4!

> PTT141+%153 = T][15] = 5!

> T45]7 + iRyl = 71

> Ti310] + TigEs]l = 9!

> TE1IT7T70)] + TE2R0] = 10!

> T[71504] + T[85680] = 13! i

> T[213384] + T[1603064] = T[299894] + T[1589154] = 15!
>

> I don’'t see an easy way to extend these. The density of triangular numbers seems to

be sufficient for extended solutions.
-

> --Ed Pegg Jr

>

> Date: Mon, 3 Jul 2006 11:44:20 -0600 (MDT)
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From: Richard Guy <rkg@cpsc.ucalgary.ca>

Reply-To: math-fun <math-fun@mailman.xmission.com>

To: Number Theory List <NMBRTHRY@listserv.nodak.edu>,
Math Fun <math-fun@mailman.xmission.com>

Subject: [math-fun] Factorial n

A A

Presumably 0! = 1! = 072
r 5 The dar
8L 2 18"

+ 1
+ 1

are the only integer solutions of

Bl = X% + 3%

W W OWN N RN e Y W

A

but is there a proof? [Later:

for n > 6, n! will always contain a

prime factor of shape 4k - 1 raised to an
odd power, in fact raised to the first
power, by a suitable form of the prime
number theorem.] R.

>

> math-fun mailing list

> math-fun@mailman.xmission.com

> http://mailman.xmission.com/cgi-bin/mailman/listinfo/math-£fun
---1618471419-318461834-1284070718=:30565--

Very interesting, Richard -- and Ed !

This suggests a few questions to me,
possible hard ones:

1) Can we prove there are infinitely many
solutions to

Tixi + Tivl = %l

How about a probabilistic heuristic?
2) Generally, given reasonably simple functions
F,G: Z+ -> Z+

when can we prove there are infinitely many
solutions to

FPix) + Fiv) = Gf&)

Likewise, what about a probabilistic "proof" ?

Date: Fri, 10 Sep 2010 17:30:29 -0600 (MDT)
From: Richard Guy <rkg@cpsc.ucalgary.ca>

What it boils down to is:
Are there infinitely many 4*n! + 1 which only

have factors of shape 4k + 1 (or possibly
some factors 4k + 3, but to an even power).
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T8 Snelined to thitde *‘veas’", but:this is
far beyond our reach. It may even be true
that there are infinitely many primes

T G T R.

From: Douglas McNeil <mcneil@hku.hk>

> probably relatively moderate amount of elliptic curve factoring will
> pick up the low hanging fruit.

Seemed straightforward enough. I can now exclude z values of

BRI 16 11, 12, 34, I8 19, 20, 28, 33, &5, 38; 30, 31, 35 38,
30, 3 38 A0, 81, A3, 8%, A5, 48, 87, 88, 00, 9%, 58,03, 5% 2%,
. W BN, B B2, 63, 08, 85 Y, 10, I)s 13, 1, TR 11 T8 Uk
R0 Be B, B0 89, 9, 31, 92, 8,9, 9B, 191, 193, 308, 105, 198,
3BT ADE, 330 133 3%8, Xk 240 AR, XX - 10N, 340, 288, 34s, 18
Sok, 1327 138 130, X322, 138 131, 138, 3L, 148, 388, IAS: 1I4G, 187,
Sl 389 150, 351,188, 133, 158, 155, 108, 157, 3@, 1530 W; 161,
EhE. - Ib8. X8 10 109 A0, 178 X8 175, A0 XV X0 A ARl
SNSRI 186 0T 180 19193 1094 AD8, A%, 19T, 198 20N,
SN A0 903, 208, 205, 206, 407, 210, 333, 213, 418 235, 418, 418,
R a0y AZE. 227 228, 239, 330, 231, 232, 236, 237, 238; 233, 2484
Bel. 505 85 . 206, 247, 349, 250, 251, 333,255, 458, 357, 258; IR0,
261, 303, 38F, 385, 266, 267, 289, 210, 371, 212, A13, 274, 27h, 278,
I8, 28 203, 03, 2R, 205 207, 308, BB, 29N, 493, 293, 239, <P6;
ST 308 308, 301y 302, 303, 304, 306, 307, 309, 311, 313, I3%8; 315;
D319, BN NS, 333, 38 328, 337 33%, 383,-334, 13%; I3IS,; 336;
DS 340 385, 38k, 00 388, 350, 352, 353, A58, 355, 356; 3138, 339,
S0 -3I8E. San. - IR 301, 388, 389, 310, I, 373, 379, 380, 381, 383,
SES. 306, JB6, 3687, 388, 389, 390, 3%, 395, 398, 399, 400, 401, 403,
S84 405, 406. 407, 408, 412, 413, 414, 415, 416, 417, 418, 419, 420,
a2l &2, 430, 425, 426, 437, 429, &332, 433, 436, 437, 438, 439, 440,
441, 483, 444, 445, 446, 447, 449, 450, 451, 452, 454, 456, 458, 459,
460, 462, 464, 469, 470, 472, 474, 479, 486, 487, 488, 489]

and can fully factor 8*(z!)+2 for

Rilly Fedknre: 1Y, 2. 3. 4%, 5, 7, B ¥ 10 13, 35, 186,17, 2%, 24,
B 2B 39, 3% 23 38 A8, A9, 58, 3, 6%, OB, 14,73, U5, Wk, I,
S5, 203 18, 139135, IS, 184, 138, 319, 221, @88, 331, 291, &%,
466]

This leaves only 7 numbers, [69, 74, 80, 81, 93, 99, 100] <= 100 as
undecided (123 in total < 500) but they could be within reach. I set
a pretty short time limit on the ecm runs, to get a first pass done
overnight. Anyway, it should be complete up to z <= 68.

Note that there are two differences with results in this thread.
Trivial: 2 I think was put in by accident in the previous exclusion
list (8*(2!)+2 = 18 = 949); I agree with everything else.
Non-trivial: the results quoted by R.K. Guy listed no solution for
z=59, but 8*(59!)+2 has prime factors

(4, 83495057, 21714500369, 67820061593: 114446404287889,
11247609217977437, 354241345536913447681853]

in which all factors 3 mod 4 have even exponent (namely, 0).

Doug
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[2. 82459
1124760921

9, 67820061593, 114446404287889,
54241345536913447681853]

in which all ctors 3 mod 4 have even exponent (namely, 0).

Doug

Department of Earth Sciences .
University of Hong Kong

Date: Mon, 13 Sep 2010 12:17:10 +0300
From: Georgi Guninski <guninski@guninski.com>

T,

On Mon, Sep 13, 2010 at 09:35:14AM +0800, Douglas McNeil wrote:
and can fully factor 8*(z!)+2 for

fully factored: [1, 2P 37'¢4>'5, ¥; 83 9:-10,+33,;725,'%6, 27 81, 24,
27, 28, 29, 32, 33.7%4, 43, 49/°54;V59,:66, 68,72, V9, \835,/)886, 33,
96, 102, 118, 129,335,364 ,-284,71290,%219 ;221 264,351, ¥357 ,~457;
466]

This leaves only 7 numbers, :[69, 74, 80, 81, 93, 99, '100) <= 100 as

undecided (123 in total < 500) but they could be within reach. I set

a pretty short time limit on the ecm runs, to get a first pass done .
overnight. Anyway, it should be complete up to z <= 68.

Note that there are two differences with results in this thread.
Trivial: 2 I think was put in by accident in the previous exclusion
list (8*(2!)+2 = 18 = 949); I agree with everything else.
Non-trivial: the results quoted by R.K. Guy listed no solution for
z=59, but 8*(59!)+2 has prime factors

Vol NN N NN RN N Y YN

thanks for catching the multiplicity bug with 2, hopefully fixed now.
i can add 139 as fully factored solution (factorization at end):

and 294,286 as no solutions.

here are my results for z<=300

42 solutions:

23 4.5, 7.9:9.10,13,15.18,171.2).08.37,80,23% 32,33,30,482,49,54.59.66,7%,73,85,86,95,9%5%
02,118,129,135,139,164,184,190,219;221, 264

52 with unknown status: ~

61. 68, 69, 71, 74, 80, 81, 93, 997 I00N 071057 - FIN, 22571207 131,°709 ) 134788077 1
82143 182, 185,171, 173 178,180 F 10, 199, 300, 209, 318, 417, X2V ek 238, 233
234, 235, 242, 244, 248Y73587 TR/ AB97 20887 127373V 280 “291YVL90 ;729

/

and the rest are without solutions.

took about 6 hours with opportunistic EC factoring.
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all known to me <=300 (E&OE) , format is |SOLUTION (+NUMBER OF PRIME
FACTORS) |

2(+2),3(+2),4(+2),5(+3),6(=-),7(+2),8(+2),9(+2),10(+3),11(-).12(-),13(+2),14(-),15(+3):1
L) LTt 2810 ~) . 290}  80(=) 82 (#3) ,221(=) ;831 ) 2833}, 25(=).208(=) L7433}, 281(+4) ,29({+
3),30(~),31(-),32(+4),33(+4) ,34(+6),35(~),36(-),37(-).,38(-2;39(=2),404-)v414-):42(+3) .43
(=), 44(-) ,45(-) ,46(-) ,47(-) ,48(-) ,49(+6),50(-),51(-),52(~),53(~),54(+2),55(-),56(-),57(
-),58(-),59(+7),60(-),62(-),63(-),64(-),65(-),66(+3),67(-),70(-),72(+3),73(-),75(-),76(
=) TT8=).78(-),79(+86) ,82(~-) ,83(-) . B4d(~),85(+3) ,86(+2),87(~-),088(~).89(-).9%90(=),91(~-),921
-),94(-),95(+4) ,96(+3),97(-),98(-),101(-),102(+5),103(-),104(-),105(-),106(-),108(-),11
Bt=1.113¢~) ;112(-) . 1131(~),135(=),2126(~) 317(~}),1104+6).,119(~) ,1230(=) 1221~} ,122(~),123}
~Fod281=),1237(=),1281(=);139(+2) ,130(~),132(~),135¢+3) ,336(~),137(-},138(=),139(+4) ;182
-),144(-) ,245(-) ,146(-) ,147(-) ,148(-) ,149(-) ,150i+) #3512 (22152 (=) ,253 (- )wd54(-) »155(=),
156 (-),157(-).158(-),159(-) ,160(-),161(~),163(-) 164(+4);166(=),167(=),168(~)2169(~) 517
B{=),173(~) 178 {~=},175(=) ,1764~),;
177(-),179(-),180(-),181(-),182(-),183(~-),184(+5),185(-),186(-) ,187(-) 4188(-),190(+2),
191(-),193(-),194(-),195(-),196(-),197(-),198(-) ,200(-) ,20%X(-),202(=-) 203 (=) 4204(-),205
(-),206(-),207(-) ,210(-),211(-),213(-),214(-),215(-),216(-),218(-),219(+5),221(+3),223
-),225(-) ,226(-) ,227(-) ,228(-) ,229(-),230(%)+2314=) ,232(-).236(~) 2374~} r2384(~) (239(-).
240(-),241(-),243(-),245(-) ,246(-),247(-) ,249(-),250(-),251(-),253(-),255(-),256(-),257
(-),258(-),260(-),261(-),262(-),263(-),264(+4),265(-),266(-),267(-),269(-),270(-),271(-
),272(-) ,273(-),274(-),276(-) ,278(-) ,279(-) ,281(~) ;282(-),283(~),284(-),285(~) ,286(-)..2
87(—),288(-),289(—),290(-),292(-),293(—),294(-),295(-),297(-),298(-),390(-)

139+(4): [2, 288245637707785632653, 16377513261243153166696673, 81476289222097686957291
918164413236312063831684966837348397616965036974678013728645423662413401987536260023582
443949960880989765406242254362489665549605338264289123236751948012164984705741862629]

if someone is interested in the (partial) factorizations, let me know.

Segfan Mailing list - http://list.segfan.eu/

From: rcs@xmission.com
To: math-fun@mailman.xmission.com

Using typical probability argumehts, there are
infinitely many primes K = 4 N! + 1, but they are
pretty thin:

Ignoring what we know about no-small-factors,

the likelihood that 4 N! + 1 is prime is 1l/log K,
very roughly 1/N log N. The sum of this is

about loglog N. By this calculation, we get a new
prime every time N is raised to the power e.

The numbers K are very thin indeed.

We can correct for the fact that our number shape
has no divisors <=N (in fact, N+1 and N+2 are also
impossible for N>3) by bumping up the likelihood

by prod(P/(P-1)) for P<=N (and P prime of course).
IIRC this is O(logN), making our summand O(1l/N),

and the sum O(logN). This is comparable to Mersenne
primes in sparsity for K, and MP exponents for
sparsity in N. I.e., we get a new prime every

time N doubles (and K squares).
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The likelihood that a number K of this shape is the
sum of two squares but not necessarily prime,
(again IIRC) is O(1/sqrt log K). The approximate
sum of 1/sqrt(N logN) seems to be O(sqgrt (N/logN)),
indicating quite a few N are winners.

[No, I can’'t prove any of this.]
Rich

Date: Tue, 14 Sep 2010 10:11:09 -0600 (MDT)
From: Richard Guy <rkg@cpsc.ucalgary.ca>

Many thanks for all that help. Just to clear up
one or two things that might be in doubt:

1. I omitted the solution (x,vy.,z) = (89,269,8).

2. For z = 59, there are 32 solutions, which
some hero(ine) may like to calculate from

? factor(8*59!+2)

%64 =

[3%3]

(8249057 1]

(2174500369 1]

(67820061593 1]
(114446404287889 1]
[11247609217977437 1]
[354241345536913447681853 1]

3. There are no solutions for 2z = 69, as may
be seen from

? factor(4*69!+1)
$Th =
[96493309986243088621721365030167853723206604771 1]

[7093650428305879089240130905502588632647558330525131 1]

4. The first values of =z about which I am ignorant
ars - gi=-T1, T4, 80, Bl 93, 8%, 1HI;

5. If one is willing to accept probable primes,
then the following sequence of 2z for which

e gl %+ .1 is prime may be complete for

z < 300 or more?? --- comments?

T T TR S - e TR X IR B - s T W v L PR L
(A076680)

Date: Tue, 14 Sep 2010 10:17:27 -0600 (MDT)
From: Richard Guy <rkg@cpsc.ucalgary.ca>



Tue Sep 28 13:12:14 2010 7

Sorry, I missed 86 from that last sequence. R.

Date: Tue, 14 Sep 2010 19:57:26 +0300
From: Georgi Guninski <guninski@guninski.com>

On Tue, Sep 14, 2010 at 10:11:09AM -0600, Richard Guy wrote:
>

4. The first values of 2z about which I am ignorant

aren i8c=cil, :74.480, -837093:%299s 100,

NN

attaching my and some of Douglas McNeil'’'s factorizations.

summary, check attached file for factorizations (gzipped due to list,
limitations, also available at:
http://stefan.guninski.com/seq/guyres2.txt ):

71 is not a solution (Douglas McNeil)
74 is not a solution

80 solution, 3 factors

81 solution, 4 factors

93 - unknown to me, trying it with EC
99 solution, 6 factors

100 is not a solution

the rest go:
101(-),102(+5),103(-),104(-),105(-),106(-),108(-),110(-),111(-),112(-),113(-),115(-),11
6(-),117(-),118(+6),119(-),120(-),121(-),122(-),123(-),124(-),127(-),128(-),129(+2)
more, check attached factors

Date: Thu, 16 Sep 2010 13:22:27 +0700
From: Warut Roonguthai <warut822@gmail.com>

I've added the factors of numbers of the form 4*z!+1 that I recently
found to the factor database:

http://factordb.com/index.php?query=4*z%21%2B1

In particular, 4*69!+1 =
96493309986243088621721365030167853723206604771 * P52, so there is no
BailukElion Tor z = 2.

Feel free to use them to compute related sequences for OEIS (enough
for z up to 80). I’ll continue factoring as my computer time permits.

Warut

Date: Thu, 16 Sep 2010 10:29:10 +0300
From: Georgi Guninski <guninski@guninski.com>

http://oceis.org/classic/A076680 &

Numbers n such that 4*n! + 1 is a prime.

0, 1, 4, 7, 8, 9, 13, 16,728, 54, 86, 120,480, 3515.4688 68i; 9387 1310,~3396.:408%,-4
384 .

>From segfan-bounces@list.segfan.eu Sat Sep 11 14:55:56 2010

Received: from mail-black.research.att.com (mail-black.research.att.com [135.207.127.54
1) by unixmail.research.att.com (8.13.7+Sun/8.13.7) with ESMTP id o8BItuqge012194 for
<njas@unixmail .research.att.com>; Sat, 11 Sep 2010 14:55:56 -0400 (EDT)
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and the first few values of 2z for which there
are solutions can easily be ascertained:

GO SR W T PN ¢ e 1 i e . TR (e (98 R ) AR f 0 It T A Sl T 9B S ) 8
(2.8 4); B 4558, {508 . 1485 89,7, (89 288 . 8),
(210 825.9), (7T60,2610,.0F % (1770,2030,1897;

nome oy -z o= Y1l 1, ote Fay -z o= 13

(see Ed’s solution below), none for 2z = 14,

two for 2z = 15 (see below);pone for.z2z =:16;
tworfor v2c=217; nenesfer i2:=288,.19y -20;

two .forz i zisn2i,n0ne forqc s 23%.23; .
two for 2z = 24, none) for: z =:25;526,

eight for 2z =.27, one for .z = 28,

Bl Tor - z-» 29, nohe For 2 = 30 305
four:for~Z2:;=:32,:33p-8ixkeen~for: z/=134;

nene For 2 =8N, 38, iy 4,

Ewe-for 'Z =udld.nsnoneskor zy=v4d, b, sdaer 48
Sivitesn for =z =459, Done -for  z =« 5, 5ix S&,. 53,
one: for czi+ B, nonesforsud:=48%s 10607 Luaii kS,

twois for~z =66, nonerfor: . vzi.= 6%

sixteen for 1z = 68, .

(E&OE, and PARI is slowing down a bit now: AND it would
take rather longer to find the actual solutions!) R.

N W NN NGNS NN NN N N N NN NN NN N SV PN

based on partial factorization and condition for sum of two squares i get no solution f
or these up to 500:

20h314,12,14;18;19;:20,22,23,;25:26,30:36,37,39:43,44445746,;47,514+52,57258,62,64,67,75,82
;08 .88,89,90,97,98,101,105,106,112,113,115,116,117 /88%1:1235134 . 1270132, 436,337,238, 148,
144,146,148,150,151,153,1556,156,;357,158,159,161,268,;167;:170.172:174,175;1823,:185,186,1.88
+285;196,207;210,211,215,225,226,227,228,23131232;236,237,249,251,256,257,:258,261,262,26
3,265,266,269,270,274,278;279,282,284;285,287,288,289,292;293,285,297,298,;300,3012307;3
11;319,;320,324,331,333;334,338,339;343,346,354:355,356,359,360,365,:367,368369,372,380;
381,384,387,388,390,394,395,398,399,400,401,404,405,406,414,420,421,423,424,425,427,432
,433,436,437,438,439,443,445,447,449,452,454,459,462,469,470,472,474,479,486,487,488,48
9

(not being in the list does not guarantee existence of solution).

out of pure luck the partial factorization gives efficient solution for
these z < 500:

485 86 129 190 351 457 466

8* (466!)+2 turns out to be semiprime with the trivial factor 2 and a solution is:

z= 466

XY
852229217291416171879595754050601666966097529015905730988341264165140777735656724830509
117857034810066711002119336196009448515771145926783132370468658189453493028381147104355
396977182221414479174309305781146222200744075086952116103063717361647954500646684398700
937610767527111186772938885939194216568299730078108600613289003340762408275322873412464 -
106976181468048458472778829263957169457392331947251140973141962967574445512180904016439
10714555666090380019712201561301428818305060658173857440835805216834364891579346048405
353364347635635922492353798850995902174183259820036577840550987269097360108122690749643
828913095579748050980110024431624792584197800019580744013559701700641539111825335537380
108199080847101206063607886550421219077139702125536014223259081972386862363247352145253
846520002860015830997289288258259829053250633748624491432762290810540909783232164729692
959961188158546084377189471443569735598862854118278547649351215732207691458976892401035
418644016219740842540242500408896545424163979811327322276724910662055025936678014461329

ok?= True
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list.seqfan.eu; Sat, 11 Sep 2010 23:26:00 +0200

Received: by cannabis.dataforce.net (Postfix, from userid 12794) id 25C0217EAB; Sun, 1
2 Sep 2010 01:25:59 +0400 (MSD)

Date: Sun, 12 Sep 2010 00:25:59 +0300

From: Georgi Guninski <guninski@guninski.com>

To: ZeqUueme Tanarics Discussion I18t Jsegranelist.segfan.eu>

Message-Id: <20100911212559.GCl821@sivokote.iziade.m$>

References: <949728.32098.gm@web30805.mail .mud.yahoo.com> <alpine.LRH.2.00.10090915113
60.30565@csl> <20100911185543.GAl1821@sivokote.iziade.m$> <alpine.LRH.2.00.10091113333
10.15565@csl>

Mime-Version: 1.0 :
Content-Disposition: inline

In-Reply-To: <alpine.LRH.2.00.1009111333310.15565@csl>

Header: best read with a sniffer

User-Agent: Mutt/1.5.20 (2009-06-14)

Subject: [segfan] Re: [math-fun] Triangular+Triangular = Factorial

X-Beenthere: segfan@list.segfan.eu

X-Mailman-Version: 2.1.9

Precedence: list

Reply-To: Sequence Fanatics Discussion list <segfan@list.segfan.eu>

List-Id: Sequence Fanatics Discussion list <segfan.list.segfan.eu>
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On Sat, Sep 11, 2010 at 01:36:21PM -0600, Richard Guy wrote:
> Well done! Now can someone show that there

> ARE solutions for the other values of 2z ?? R

>

for z<2500 and not in A076680 another nontrivial solution is z=546.

probably relatively moderate amount of elliptic curve factoring will
pick up the low hanging fruit.
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