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Abstract: Regular polygons can be used to construct special families of 
parallel lines. Such constructions have been previously investigated for 
regular triangles and squares in the context of counting the resulting 
numbers of regular triangles and squares respectively. This paper 
investigates such constructions for some regular polygons; the result is 
a series of interesting conjectures.

The first construction.
Consider any regular polygon. Construct an equal number of points on 
each side of the polygon such that these points divide each side into the 
same number of equally-sized segments (i.e. a midpoint on each side or 
two points on each side placed to divide each side into three equally-
sized segments or so on). Connect all such points to each other with 
lines that are parallel to at least one side of the original regular polygon. 
Let n be the number of the polygon’s sides and p be the number of 
points constructed per side. See Figures 1 and 2 for an illustration of n 
= 3 and 4 respectively when p = 0, 1, 2, 3, 4, and 5. See Figure 3 for an 
illustration of n = 5 when p = 2.
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For each additional p and its associated lines that are constructed, new 
regular polygons appear to be created that are similar to the original 
regular polygon. For n 

€ 

≥  3, new regular polygons are created that share 
the same center as the original polygon. These polygons and the original 
polygon itself are referred to as centered polygons. For 3 

€ 

≤  n 

€ 

≤  6, new 
regular polygons are also created that do not share the original 
polygon’s center. These are referred to as non-centered polygons. Let 
zn be the total number of n-sided regular polygons, centered and non-
centered, for any particular n and p. Let k be any nonnegative integer.

For n = 3 and 4, the equations for zn are documented, amongst other 
places, in the On-Line Encyclopedia of Integer Sequences as Sloane's 
A002717 and A000330 respectively [1].

z3 = (4p3 + 22p2 + 36p + 17    (  1)p)/16

z4 = (2p3 + 9p2 + 13p + 6)/6

Extensive experimental evidence led to a number of conjectured results. 
The following equations appear to hold true for n 

€ 

≥  5 when p 

€ 

≥  0.

z5 = (10p2    4p + 5    (  1)p)/4

z6 = (11p4 + 78p3 + 1413p2    2322p + 324)/324 when p = 3k

(  13p4 + 670p3    3219p2 + 9934p    6724)/324 when



p = 1 + 3k
(5p4    46p3 + 1515p2    6046p + 7940)/108 when p = 2 + 3k

For n 

€ 

≥  7, when n is odd
zn = (2np    4p + 5    (  1)p)/4

For n 

€ 

≥  7, when n is even
zn = (np    2p + 4)/4 when p is even or when both p is odd and

n = 10 + 4k
(np    2p + 2)/4 when both p is odd and n = 8 + 4k

There appears to be no relationship between the equations for zn when 
3 

€ 

≤  n 

€ 

≤  6 and when n 

€ 

≥  7. However, by counting the number of 
centered polygons only, a relationship does appear to exist for all n, 
except n = 3, when p 

€ 

≥  0. Let cn be the total number of n-sided regular 
centered polygons for any particular n and p. The following equations 
appear to hold true for n 

€ 

≥  4 when p 

€ 

≥  0.

For n 

€ 

≥  4, when n is odd
cn = (2np    4p + 5    (  1)p)/4

For n 

€ 

≥  4, when n is even
cn = (np    2p + 4)/4 when p is even or when both p is odd and

n = 6 + 4k
(np    2p + 2)/4 when both p is odd and n = 4 + 4k

For n = 3, the number of centered triangles, c3, does not precisely fit 
the equation for all other cn when n is odd. Instead, c3 appears to be 
defined by the following equations.

c3 = (p + 2)/2 when p = 6k or when p = 4 + 6k
(p + 3)/2 when p = 1 + 6k or when p = 3 + 6k
p/2 when p = 2 + 6k



(p + 1)/2 when p = 5 + 6k

The second construction.
A slightly different construction can be used to create slightly different 
results. Instead of connecting only midpoints and the like, the vertices 
of the original polygon can also be connected to each other with lines 
that are parallel to at least one side of the original polygon. While the 
total and centered numbers of regular triangles and squares and the 
centered number of hexagons remain the same as in the first 
construction, the total and centered numbers of all other regular 
polygons are different. See Figure 4 for an illustration of the second 
construction for n = 5 when p = 2.

Figure 4.

For the second construction, let Zn be the total number of n-sided 
regular polygons, centered and non-centered, for any particular n and p. 
Let Cn be the total number of n-sided regular centered polygons for any 
particular n and p. The following equations appear to hold true for n 

€ 

≥  
5 when p > 0; when p = 0, Zn = 1 for all n.

Z5 = (10p2 + 16p + 9    (  1)p)/4

Z6 = (1 + p)3 or Sloane's A000578 [1] (this equation is also valid for
p = 0)

For n 

€ 

≥  7, when n is odd



Zn = (2np    4p + 2n    1    (  1)p)/4

For n 

€ 

≥  7, when n is even
Zn = (np    2p + n)/4 when both p is even and n = 8 + 4k

(np    2p + n    2)/4 when both p is even and n = 10 + 4k or
when p is odd

Here again, there appears to be no relationship between the equations 
for Zn when 3 

€ 

≤  n 

€ 

≤  6 and when n 

€ 

≥  7. By counting the number of 
centered polygons only, equations emerge which appear to hold true for 
all n, except n = 3, when p > 0; when p = 0, Cn = 1 for all n.

For n 

€ 

≥  4, when n is odd
Cn = (2np    4p + 2n    1    (  1)p)/4

For n 

€ 

≥  4, when n is even
Cn = (np    2p + n)/4 when both p is even and n = 4 + 4k

(np    2p + n    2)/4 when both p is even and n = 6 + 4k or when 
p is odd

As in the first construction, C3 does not precisely fit these equations 
and appears to be defined by the equations previously listed.

Whether the first or second construction is employed, several questions 
remain.

1) Why do only n = 3, 4, 5, and 6 appear to allow for the creation of 
non-centered polygons? Do non-centered polygons exist for any n > 6?

2) Why does the behavior of c3 appear to be distinct from the behavior 
of all other cn when n is odd? Do other cn exist with behavior similar to 
c3?



3) Should additional non-centered polygons and additional such cn 
logically exist? And if they do not exist, what, if anything, does this 
imply?

It seems plausible that such non-centered polygons and cn might exist 
and that they might occur in some sort of repeated manner. Consider an 
ordered set with a pattern between its elements. It seems that by 
modifying each element of such a set in the same, consistent manner, a 
new ordered set with a new pattern between its elements will result.

If regular polygons can be said to constitute an ordered and patterned 
set, proceeding from n = 3 sides to 4 sides to 5 sides and so on, and 
each element in this set is modified in a consistent manner, by 
constructing additional p and associated lines, it seems reasonable that a 
new set with a new pattern between its elements will result.

We can ask many questions concerning the method of modification, the 
nature of the set itself, and the relationship between the quantifiable 
aspects of a shape and its graphical representation. But, if some new 
pattern does not result, what, if anything, does it imply?

Does it imply that the modifications for the first and second 
constructions are inconsistent or that regular polygons do not constitute 
an ordered and patterned set? Does it imply that geometry is somehow 
not internally consistent? That regular triangles are somehow distinct 
from all other regular polygons? That regular triangles, squares, 
pentagons, and hexagons are somehow distinct from all other regular 
polygons? Or is it merely that the first and second constructions 
produce visual, geometric patterns which cannot be easily quantified- at 
least not by counting the number of regular polygons?

I am thankful to Professor Branko Grünbaum for his helpful advice and 
critiques.
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