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Let n ∈ N and let Tn be the square matrix of size n defined by (Tn)ij =⌈
|i−j|
2

⌉
. Thus, Tn is a symmetric Toeplitz matrix whose first row is

0, 1, 1, 2, 2, 3, 3, . . . .

The following theorem confirms a conjecture by Spezia stated in A083392.

Theorem 1. Let n ∈ N. Then det(Tn) = (−1)n−1
⌊
n2

4

⌋
.

Proof. For n = 1, 2 the assertion is verified by direct calculations. Thus,
assume that n ≥ 3. For each i = n, n − 1, . . . , 3 perform the row operation
Ri ← Ri −Ri−2 and subsequently, for each j = n, n− 1, . . . , 3, perform the
column operation Cj ← Cj −Cj−2. Let Bn denote the resulting matrix. We
claim that Bn is the block matrix

Bn =

(
A F
F T C

)
,

where A is of size 2×2, F is of size 2×(n−2), and C is of size (n−2)×(n−2),
and are given by

A =

(
0 1
1 0

)
, F =

(
1 1 1 · · · 1
0 1 1 · · · 1

)
, C =



−2 −1 0 · · · 0

−1 −2 −1
. . .

...

0 −1 −2
. . . 0

...
. . .

. . .
. . . −1

0 · · · 0 −1 −2


.
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Indeed, let 3 ≤ i, j ≤ n. Then

(Bn)ij = (Tn)ij − (Tn)i,j−2 − (Tn)i−2,j + (Tn)i−2,j−2

=

⌈
|i− j|

2

⌉
−
⌈
|i− j + 2|

2

⌉
−
⌈
|i− 2− j|

2

⌉
+

⌈
|i− j|

2

⌉

=


−2, if |i− j| = 0,

−1, if |i− j| = 1,

0, if |i− j| ≥ 2.

Similarly, for every 3 ≤ j ≤ n we have

(Bn)1j = (Tn)1j − (Tn)1,j−2 =

⌈
j − 1

2

⌉
−
⌈
j − 3

2

⌉
= 1,

(Bn)2j = (Tn)2j − (Tn)2,j−2 =

⌈
j − 2

2

⌉
−
⌈
j − 4

2

⌉
=

{
0, if j = 3,

1, if j ≥ 4.

By symmetry, the same holds for the first two columns. Finally, the 2 × 2
upper-left block remains unchanged during the operations and is originally
given by A.

By the Schur complement formula,

det(Bn) = det(C) det(A− FC−1F T ).

By a well-known formula (e.g., [2]), det(C) = (−1)n−2(n−1). Furthermore,
it is easy to verify that the inverse of C is given by

(C−1)ij =


(−1)i+j+1 i(n− 1− j)

n− 1
, if i ≤ j,

(−1)i+j+1 j(n− 1− i)

n− 1
, if i ≥ j.

By direct calculations we obtain

FC−1F T = − 1

n− 1


⌊
(n−1)2

4

⌋ ⌊
(n−2)2

4

⌋
⌊
(n−2)2

4

⌋ ⌊
(n−2)n

4

⌋
 .

Hence

A− FC−1F T =

 1
n−1

⌊
(n−1)2

4

⌋
1 + 1

n−1

⌊
(n−2)2

4

⌋
1 + 1

n−1

⌊
(n−2)2

4

⌋
1

n−1

⌊
(n−2)n

4

⌋
 .
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Thus,

det(A− FC−1F T ) =

1

(n− 1)2

⌊
(n− 1)2

4

⌋⌊
(n− 2)n

4

⌋
−
(

1 +
1

n− 1

⌊
(n− 2)2

4

⌋)(
1 +

1

n− 1

⌊
(n− 2)2

4

⌋)
= − 1

n− 1

⌊
n2

4

⌋
.

It follows that

det(Tn) = det(Bn) = det(C) det(A− FC−1F T ) =

= (−1)n−2(n− 1)

(
− 1

n− 1

⌊
n2

4

⌋)
= (−1)n−1

⌊
n2

4

⌋
.
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