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Abstract

LetA
(m)
n = [(i−j)m+δij ]1≤i,j≤n. We evaluate det(A

(m)
n ) in terms of

power sums and prove related conjectures recorded by Sun in A355175
and A355326 in the On-Line Encyclopedia of Integer Sequences.

1 Introduction

In [6] Wang and Sun evaluated several Toeplitz-type determinants, one of
which is the determinant of the matrix [i − j + δij ]1≤i,j≤n, where δij is the
Kronecker delta. In A355175 [5] Sun conjectured a closed-form formula
for the determinant of the matrix [(i − j)2 + δij ]1≤i,j≤n. In A355326 Sun
conjectured a closed-form formula for the determinant of the matrix [(i −
j)3 + δij ]1≤i,j≤n and made the general conjecture that for every natural
number m, the determinant of the matrix [(i−j)m+δij ]1≤i,j≤n has the form
1 + n2(n2 − 1)P (n), where P (n) is a rational polynomial in n with degree
(m+ 1)2 − 4.

Following an approach suggested by a referee in [6], namely, by using
Sylvester’s determinant theorem, we resolve all of Sun’s conjectures men-
tioned above.

2 Main results

Let N = {1, 2, . . .} denote the set of natural numbers and set N0 = N ∪
{0}. For n ∈ N0 let Bn(x) denote the nth Bernoulli polynomial and for a
polynomial p(x) let [xn]p(x) denote the coefficient of xn in p(x). Finally, for
r ∈ N0 and n ∈ N, set sr(n) =

∑n
k=1 k

r.
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Theorem 1. For m,n ∈ N let A
(m)
n = [(i− j)m + δij ]1≤i,j≤n. Then

det(A(m)
n ) = det

([
δab + (−1)a

(
m

a

)
sa+m−b(n)

]
0≤a,b≤m

)
. (1)

Proof. We have A
(m)
n = In +M

(m)
n , where M

(m)
n is the square matrix of size

n defined by (M
(m)
n )ij = (i− j)m. For r ∈ N0 set vr = (1r, 2r, . . . , nr)T . By

the binomial theorem,

(i− j)m =
m∑
k=0

(−1)k
(
m

k

)
im−kjk.

Thus,

M (m)
n =

m∑
k=0

(−1)k
(
m

k

)
vm−kv

T
k .

Let U and V be the two matrices of size n× (m+ 1) given column-wise by
Uk = vm−k and Vk = (−1)k

(
m
k

)
vk, k = 0, 1, . . . ,m, respectively. One easily

verifies that M
(m)
n = UV T and therefore A

(m)
n = In + UV T . By Sylvester’s

determinant theorem (e.g., [4, (8.1.16)]),

det(A(m)
n ) = det(Im+1 + V TU).

Now, for every 0 ≤ a, b ≤ m we have

(V TU)ab = V T
a Ub =

(
(−1)a

(
m

a

)
va

)T
vm−b = (−1)a

(
m

a

)
sa+m−b(n),

and the assertion follows.

Theorem 2. Consider the matrix

Rm(n) =

[
δab + (−1)a

(
m

a

)
sa+m−b(n)

]
0≤a,b≤m

, (2)

and let Dm(n) = det(Rm(n)). Then there exists a polynomial Pm(n) ∈ Q[n]
of degree (m+ 1)2 − 4 such that

Dm(n) = 1 + n2(n2 − 1)Pm(n).
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Proof. Let r ∈ N0. By Faulhaber’s formulas, sr(n) is a rational polynomial

in the variable n. Now, by (1), Dm(1) = det(A
(m)
1 ) = 1. Thus, Dm(n) − 1

is divisible by n− 1. It is well-known (e.g., [1, (7.79)]) that

sr(n) =
Br+1(n+ 1)−Br+1(0)

r + 1
− 0r. (3)

Thus, sr(−1) = 0 for every r ≥ 1 and therefore sa+m−b(−1) = 0 for every
0 ≤ a, b ≤ m, except when a = 0 and b = m, and, in this case, s0(−1) = −1.
Consequently, Rm(−1) = Im+1 + E, where E has a single nonzero entry
(E)0m = −1. Hence, Dm(−1) = det(Rm(−1)) = 1 and therefore Dm(n)− 1
is divisible by n+1. This concludes the proof that n2−1 divides Dm(n)−1.

We now wish to prove that Dm(n) − 1 is divisible by n2. First, no-
tice that since sr(0) = 0, we have Rm(0) = Im+1 and therefore Dm(0) =
det(Rm(0)) = 1. This shows that n divides Dm(n) − 1. Now, By Jacobi’s
formula (e.g., [3, (8) on p. 170]),

(det(Rm(n)))′ = tr(adj(Rm(n))R′m(n)).

Thus,

(det(Rm(0)))′ = tr(adj(Im+1)R
′
m(0))

= tr(R′m(0))

=
m∑
a=0

(R′m(0))aa

= s′m(0)
m∑
a=0

(−1)a
(
m

a

)
= s′m(0)(1− 1)m

= 0.

This concludes the proof that n2 divides Dm(n)− 1.
We shall now prove that deg(Pm(n)) = (m+1)2−4. By (3), deg(sr(n)) =

r + 1. Thus, the degree matrix corresponding to Rm(n) is given by

[a+m− b+ 1]0≤a,b≤m.

Let π be a permutation of {0, 1, . . . ,m}. We have

m∑
a=0

(a+m− π(a) + 1) =

m∑
a=0

(a+m+ 1)−
m∑
a=0

π(a) = (m+ 1)2,
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It follows that deg(Dm(n)) ≤ (m + 1)2. On the other hand, we have
[na+m−b+1](Rm(n))ab = (−1)a

(
m
a

)
1

a+m−b+1 . Thus, [n(m+1)2 ] det(Rm(n)) is
equal to the determinant of the matrix[

(−1)a
(
m

a

)
1

a+m− b+ 1

]
0≤a,b≤m

,

which is, up to row factors, the Cauchy matrix (e.g., [2, 0.9.12])[
1

xa + yb

]
0≤a,b≤m

,

with xa = a and yb = m− b+ 1. Since the xas and the ybs are distinct, the
determinant of the Cauchy matrix is nonzero. It follows that deg(Dm(n)) =
(m+1)2. Thus, factoring out the term n2(n2−1) of degree 4 from Dm(n)−1,
the remaining polynomial Pm(n) has degree (m+ 1)2 − 4.

Corollary 1 (A079034). Let n ∈ N. Then

det(A(1)
n ) = 1 +

n2(n2 − 1)

12
.

Proof. By (1),

det(A(1)
n ) = det

(
1 + s1(n) s0(n)
−s2(n) 1− s1(n)

)
.

Corollary 2 (A355175). Let n ∈ N. Then

det(A(2)
n ) = 1 + n2(n2 − 1)

n5 − 5n3 − 36n2 + 4n+ 54

1080
.

Proof. By (1),

det(A(2)
n ) = det

1 + s2(n) s0(n) −2s1(n)
s4(n) 1 + s2(n) −2s3(n)
s3(n) s1(n) 1− 2s2(n)

 .

Corollary 3 (A355326). Let n ∈ N. Then

det(A(3)
n ) = 1+n2(n2−1)

n12 − 19n10 + 123n8 − 337n6 + 12376n4 − 44144n2 + 40000

672000
.

Proof. By (1),

det(A(3)
n ) = det


1 + s3(n) s2(n) s1(n) s0(n)
−3s4(n) 1− 3s3(n) −3s2(n) −3s1(n)
3s5(n) 3s4(n) 1 + 3s3(n) 3s2(n)
−s6(n) −s5(n) −s4(n) 1− s3(n)

 .
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