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Abstract. We show that sequences A067051 and A074629 in the Online En-

cyclopedia of Integer Sequences are the same.

1. Sigma-Function

The σ-function [1, A000203] is multiplicative with

(1) σ(pe) =
pe+1 − 1

p− 1
= 1 + p+ p2 + · · ·+ pe.

Read modulo 6 we obtain [1, A084301]; subsequently [1, A074629] selects the places
where

(2) σ(n) ≡ 3 (mod 6).

[1, A067051] selects the n where

(3) 2 - σ(2n) ∧ 3 | σ(3n).

The main theme of this note is to proof Stephan’s conjecture that this is the same
requirement as (2).

2. Parity of σ(n)

The first, necessary requirement in (3) is that n is not in [1, A028983],

(4) 2 - σ(2n).

Since σ(2n) and σ(n) differ only by a multiple of 2 as made explicit in [1, A054785],
the parities of σ(2n) and σ(n) are equal, so this first requirement is the same as

(5) 2 - σ(n),

which means that n is in [1, A028982], i.e., σ(n) is odd.

Remark 1. For σ(n) being odd, using (1), all factors contributed by the prime
factors p of the right hand sides need to be odd. This is obviously correct for the
prime factor p = 2 in n (if it appears), because all pi on the right hand side are
even, so σ(n) is odd iff

∑e
j=0 p

j for all odd prime factors, which means iff
∑e

j=1 p
j

is even for all odd prime factors. This is equivalent to the requirement that the
number of terms in

∑e
j=1 p

j must be even for all odd prime factors, which is the

same as requiring that e is even for all odd prime factors. In summary, (5) collects
odd squares multiplied by any powers of 2.
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3. Divisibility of σ(3n)

The second necessary requirement in (3) is that

(6) 3 | σ(3n),

requiring divisibility of [1, A144613] by 3. In a followup of a Jovovic formula in [1,
A078708] on the difference σ(3n)− σ(n), this is the same as requiring

(7) 3 | σ(n),

i.e., n being in [1, A087943].

Remark 2. By (1) this is the same as requiring that at least one of the
∑e

j=0 p
j is a

multiple of 3. These partial sums of powers are sequences with C-finite recurrences,
which means that read modulo 3 they have a finite Pisano period length, see: [1,
A000225] for p = 2, [1, A003462] for p = 3, [1, A003463] for p = 5, [1, A023000]
for p = 7. As summarized by Israel in [1, A087943],

• p = 3 never contributes because all pj (j > 0) are divisible by 3 so 3 -
∑

j 3j.

• Primes of the form p = 3k+1 mean
∑e

j=0 p
j (mod 3) =

∑e
j=0 1 (mod 3) =

(1 + e) (mod 3) so primes of the form 3k + 1 with e ≡ 2 (mod 3) suffice
for (7).
• Primes of the form p = 3k+2 mean

∑e
j=0 p

j (mod 3) =
∑e

j=0 2j (mod 3).

As summarized by a comment by Bomfim in [1, A000225] this is zero iff e
is odd.

4. Summary

By the Chinese remainder theorem for the coprime product 6 = 2 × 3, the
requirement (2) is equivalent to

(8) σ(n) ≡ 1 (mod 2) ∧ σ(n) ≡ 0 (mod 3).

The first part of this equation means that (5) is fulfilled, and the second part of
this equation means that (7) is fulfilled. Numbers obeying (8) also obey (3) and
vice versa, which can be rephrased as

Theorem 1. The set of numbers in A074629 equals the set of numbers in A067051.
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