Any integer, 1 <= n <= 2k-1, can be written as the sum of powers of two (binary notation) in exactly k terms, where k = floor(log_2(n)).  However, this set is not necessarily the set of unique integers with the smallest maximum that possesses this property for n ≠ 2k-1.  I refer to this set as the minimum summative set of an integer, mss(n).

Definition 1:  The minimum summative set of any integer n = 2k-1, mss(2k-1), is given by the set {1, 2, 4, …, 2k} where k = floor(log_2(n)) = log_2(n+1).

	Proof of Definition 1:

n = 2k-1

Subtract 2k-1 from n.  

n – 2k-1 = 2*2k-1  – 1 – 2k-1 = 2k-1  – 1

Repeat this process for 2k-2, 2k-3, …,20.

Thus every integer n = 2k – 1 can be expressed as the sum of consecutive powers of 2.  

Definition 2:  Given a set a that is the union of {20,21,22,...,2k-2} and q = {2k-2+1,2k-2+2}, that set is mss(2k)

	Proof of Definition 2:

Subset b of a includes the powers of 2 {20, 21, 22, …, 2k-2}.  This subset is equal to mss(2k-1-1).  

The addition of q to set b allows for the addition of sum(q) to the subsets of b equal to mss(1, 2, 3, …, 2k-1).  Since {2k-2+1,2k-2+2} are the smallest possible distinct terms larger than 2k-2 that can be added to subset b, and since set a must contain k terms, the addition of {2k-2+1,2k-2+2} to set b results in set a = mss(2k).

Definition 3:  mss(2k) = mss(2k+1) = mss(2k+2)

	The subset b of a containing the first k-2 terms contains k-2 consecutive powers of 2 {20,21,...,2k-2}, and 	thus is the minimum summative set of 2k-1-1.  

	Thus, the entire set is mss(2k-1-1 + 2k-2+1 + 2k-2 + 2).  This is equivalent to

	mss(2k-1 - 1 + 2*2k-2 + 3)

	mss(2k-1 + 2k-1 + 2)

	mss(2k + 2)

	As a result, set a is the mss for 2k, 2k + 1, and 2k + 2.

	

For terms in the range {2k + 3, 2k + 4, …, 2k+1 - 1}, we will have to increment the last two terms of the set by 1, starting with the latter.  Thus, the mss in this range are:

{20, 21, ... , 2k-2, 2k-2+1,2k-2+2} – for integers 2k, 2k + 1, and 2k + 2
{20, 21, ... , 2k-2, 2k-2+1,2k-2+3} – for integer 2k + 3
{20, 21, ... , 2k-2, 2k-2+2,2k-2+3} – for integer 2k + 4
{20, 21, ... , 2k-2, 2k-2+2,2k-2+4} – for integer 2k + 5
{20, 21, ... , 2k-2, 2k-2+3,2k-2+4} – for integer 2k + 6
.
.
.
{20, 21, ... , 2k-2, 2k-1,2k-1+1} – for integer (2k + 2k+1)/2

At the halfway point between powers of 2, we can no longer increase the k-1th term, because doing so would leave no mss for 2k-1.  At this point, only the kth term can be increased.  Since the first k-1 terms are now all powers of 2, this subset is mss(2k-1).  From this point forward, set a is equal to mss(2k-1 + ak).

All terms for mss((2k + 2k+1)/2, (2k+2k+1)/2+1, …,2k+1-1) can be obtained by increasing the kth term of this set.  The kth term cannot be increased any further because doing so would leave no mss for 2k+1-1.  These sets, however, cover the range from 2k to 2k+1-1.  

In this way, mss(n) can be generated for all integers 2^k <= n <= 2^(k+1)-1.  To generate mss for all values of n, this process can be repeated for any value of k.

