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1. (1 mark) Find the sum of all real x satisfying (2x – 4)3 + (4x – 2)3 = (4x + 2x – 6)3.
Solution: Let a = 2x – 4, and b = 4x – 2, then the equation becomes

a3 + b3 = (a + b) 3,  giving 3ab(a + b) =0
Either a=0, or b = 0, or a + b = 0
i.e., 2x – 4 = 0, or 4x – 2= 0, or 4x + 2x – 6 = (2x + 3)( 2x – 2) = 0
Get  x = 2, 1/2 or 1.  The sum is 7/2 .

2. (1 mark) In how many ways can 30! be expressed as the product of two integers p

and q such that 10 <<
q
p

 and p and q are relatively prime.

Solution: There are 10 prime factors of 30!, namely 2, 3, 5, 7, 11, 13, 17, 19, 23, 29.
Actually, 30! = 2α x 3β x 57 x 74 x112 x 13 x 17 x 19 x 23 x 29.
Each of these (e.g. 2α and 3β), can only appear in one piece in either p or q,
this gives 1024 choices.  Half of them (so that p < q) will be 512 choices.
Considering negative integers as well, there are 1024 choices.

3. (1 mark) Find the coefficient of x17 in the expansion of (1 + x5 + x7)20.
Solution: x17 can only be obtained by multiplying two x5s and one x7.  There are 20
ways to get x7 and 19C2 = 171 ways to get two x5s in the remaining 19 factors.  So the
answer is 20 X 171 = 3420.

4. (1 mark) If [x] represents the greatest integer less than or equal to x, find the sum of
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       Solution: Note that if n is an integer and x is not an integer, then
[n + x] = n + [x]   and  [-x] = -1 – [x]
              2000 x 1999                       1999 1999
Hence  [ ---------------]  =  [1999 -  ---------- ]  = 1999 – 1 – [-------- ]

       2001           2001  2001

  Therefore       1 x 1999         2000 x 1999
                      [------------] +  [ -----------------]  =  1999 – 1 = 1998

  2001     2001

  Similarly         2 x 1999         1999 x 1999
                      [------------] +  [ -----------------]  =  1999 – 1 = 1998
                           2001        2001

                          3 x 1999        1998 x 1999
                      [------------] +  [ -----------------]  =  1999 – 1 = 1998

                                                   2001                    2001














