Factorisations of some Riordan arrays as infinite products
Peter Bala, Feb 2025

We find two factorisations of an element of the Bell subgroup of the Riordan
group as an infinite product of arrays and also two factorisations of an element
of the derivative subgroup of the exponential Riordan group as an infinite
product of arrays.

1. The forward arrow operator —

Let M = (M(n,k))n k>0 be an infinite lower triangular array and let Iy,
k=0,1,2,..., denote the square k x k identity matrix (all our arrays have row
and column indices starting at 0). Define M (k) as the infinite lower triangular
block array

I, O
M(k) =
o M

%
so, in particular, M(0) = M. Define M as the infinite matrix product
%
M=MOMQL)M2)---. (1)

Clearly, ]\_4> is well-defined.

Example 1.1 Let U be the lower triangular array with all entries on and
below the main diagonal equal to 1. Let P denote Pascal’s triangle A007318.
Then 7 = P.

1 0 0 0 1 0 00 1 0 0 0 1 00
1100 01 00 01 00 1 10
1110 01 10 0010 |1 2 1
11 11 01 11 00 11 1 3 3

This is a well-known result [1, Theorem 1].

Example 1.2. Let S2 denote the triangle of Stirling numbers of the second
kind A008277 (but with different row and column indexing from that used in

the OFIS). Then P =52 [3, Theorem 2.2].

1 0 00 1 0 00 1 0 00 1 00
11 00 01 00 01 00 1 10
1 2 10 01 10 00 10 — |1 3 1
1 3 3 1 01 2 1 00 1 1 1 7 6
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https://oeis.org/A007318
https://oeis.org/A008277

The Hockey-Stick identity

From the definition (1) of the forward arrow operator we have

10
ML) = M()M2)M(3) - - =
of M
Hence, from (1),
. 10
M=M . 2)
o7 M

_>
An immediate consequence of (2) is that columns 0 of M and M are equal.
Equating entries in position (n+ 1,k —l—_%) on both sides of (2) yields a ’vertical’
recurrence equation for the entries of M:

Mn+1,k+1) :zn:M(n+1,z'+1)ﬁ(z',k) 3)
i=k

with the boundary conditions M (n,0) = M(n,0) for n =0, 1,2, .... This recur-
rence is called the hockey-stick identity.

For instance, for Example 1.2, the hockey-stick identity reads

n

Stirling2(n + 1,k) = ) <”) Stirling2(i, k — 1),
2

i=k—1

a well-known recurrence for the Stirling numbers of the second kind.

Remark 1. If M is invertible then we can rewrite (2) as

. 1 0
MM =
of M

. —
and obtain a second recurrence for the elements of M:

n+1
Mnk) =3 M~ (n+ 1,i)M(i,k + 1), (4)
=0

In the case of Example 1.2, we obtain a less well-known recurrence for the
Stirling numbers of the second kind:

n

Stirling2(n, k) = > (~1)"* <”> Stirling2(i + 1,k + 1).
(3
=0



2. The backward arrow operator

We also consider infinite matrix products running from right to left. Given a
lower triangular array M, we define the array M as the infinite matrix product

M= - M(2)M(1)M(0). (5)

The forward and backward arrow operators are related via matrix inversion
(assuming M is invertible) and matrix transposition as follows:

7= (1\7j)71 . (JTﬁ)T ()

Clearly, from (5), we have
1 0

M = M (7)
0T M

leading to a ’horizontal’ recurrence equation for the entries of ﬂ :

Row k = 0 : M(0,0) = M(0,0) and for n > k > 0,

Mn+1,k) = En:M(i—l—l,k)M(n,i). ®)

=0

Remark 2. If M is invertible then further relations between the entries of ﬂ
can be found by rewriting (7) as

1 0

0T M

MM =

For example, when k > 1, we have

n+1
Mk = 3" M7,k +1)M(n+1,i). 9)

i=k+1

Example 2.1. ﬁ = C, where C denotes the Catalan triangle A033184.

1.0 0 0 10 0 0 10 0 0 1 00
01 0O 0 1 0O 1100 1 10
0 010 01 10 1110 12 21
0 0 1 1 0 1 1 1 1 1 1 1 5 5 3
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https://oeis.org/A033184

For this example, the recurrences (8) and (9) give

C(n+1,k)= ZC’nz for k> 1
i=k—1

and
Cin+1L,k)=C(n,k—1)+C(n+1,k+1) for k>1.

Example 2.1 is a particular case of Theorem 1 (ii) proved below. Another case
of Theorem 1 (ii) is the following known result.

Example 2.2. Let S1 denote the triangle of unsigned Stirling numbers of the
first kind |A13053{.. Then P = S1.

10 0 0 10 0 0 1 0 0 0 1 0 0
01 0 0 01 0 0 1100 1 1 0
0 010 01 10 1 210 - 12 3 1
0 011 01 21 1 3 3 1 6 11 6

A common feature shared by the above examples is that the arrays U, P,
S1, S2 and C' are examples of Riordan arrays, either in the Riordan group or
the exponential Riordan group. This suggests we look at the action of the
forward and backward arrow operators on Riordan arrays.

3. Riordan arrays

We recall some basic facts about Riordan arrays. Riordan arrays are a
special type of infinite lower triangular matrices defined by two generating
functions

f(x) =f0—|—f133+f21‘2+"'
9(x) = g1+ g22” + gsa® + -+
with fo # 0 and ¢ # 0. The Riordan array associated with this pair of
series, denoted by (f(z),g(x)), is defined as the infinite lower triangular array
whose k-th column is formed from the coefficients of the power series f(z)g(x),
k=0,1,2, ...
The Riordan group is the set of all Riordan arrays with the group operation
being matrix multiplication. The group law is given by

(f(2), g(x)) * (h(z), () = (f(2)h(g()), U (g(x)))- (10)

The identity element of the Riordan group is (1,z). The inverse of the array
(f(x),g(x)) is the array (W ) where ¢g<~1>(z) denotes the

compositional inverse of g(x), that is, g(¢=~1>(x)) = g~ > (g9(x)) = .

= o O O


https://oeis.org/A130534

The two sets of Riordan arrays of the form (f(z),z) and (f(x),zf(x)) are
easily seen to be subgroups of the Riordan group, known respectively as the
the Appell subgroup and the Bell subgroup.

For the arrays considered in the above examples, U = 1= z | belongs to
x

the Appell subgroup of the Riordan group. Both Pascal’s triangle
1
1—2'1—2

1—-+1—-4z

¢(r) = ———— is the generating function of the Catalan numbers
A000108;, belong to the Bell subgroup of the Riordan group.

P= and the Catalan triangle C' = (¢(z), zc(x)), where

Exponential Riordan arrays are a special type of infinite lower triangular
matrices defined by two exponential generating functions (e.g.f’s)

f(CC) = f0+f1$/1!+f21'2/2!+,,,
9(z) = g12/11 + g2 /2! + g3z /3] + - - -
with fo # 0 and g; # 0. The ezponential Riordan array associated with this

pair of series, denoted by [f(z), g(z)], is defined as the infinite lower triangular

1
array whose k-th column has the e.g.f. Hf(x)g(z)k, k=0,1,2,.... The

exponential Riordan group is the set of all Riordan arrays with the group
operation being matrix multiplication. The group law is the same as (10).

d
The set of exponential Riordan arrays of the form Z(x)7 g(z)| form a
i

subgroup of the exponential Riordan group called the derivative subgroup. The
triangles S1 and S2 of Stirling numbers of the first and second kinds both lie
in the derivative subgroup of the exponential Riordan group.

1 1
1= 1 2 =[e%, e —1].
S [133,0& <1x>] 52 =[e" e — 1]

4. The action of the forward and backward arrow operators on the
Appell subgroup of the Riordan group

The examples ﬁ = P and ﬁ = (' given above are particular cases of our
first result below showing that both the forward and backward arrow
operators map the Appell subgroup of the Riordan group onto the Bell
subgroup of the Riordan group. In what follows, the superscript <-1>
indicates series reversion while the superscript -1 indicates matrix inversion.


https://oeis.org/A000108

Theorem 1. Let M = (f(x),x) be a Riordan array in the Appell subgroup of
the Riordan group. Then

(i)

%

M = (f(z),zf(x))

belongs to the Bell subgroup of the Riordan group.

(ii) The array
M = (F(a),aF (@),

-3 ()

H also belongs to the Bell subgroup of the Riordan group.

where

Proof.

(i) The Riordan array (f(x),zf(z)) factorises in the Riordan group as

(f(@),zf(x)) = (fz),2) (A, 2f(x)). (11)

The k-th column of the Riordan array (1,zf(z)) has the o.g.f. (:cf(m))k If we

write the array (1,zf(z)) in block diagonal form as (1) )0( } then, for k& > 0,

1

the k-th column of the array X has the o.g.f. —(xf(z))**! = 2 f(2)**!. Thus
T

X is the Riordan array (f(z),zf(x)) and by (11) we have the factorisation

(f(@),zf(x)) = (f(z),2)(A,2f(x))

1| 0
= (f(@),2) (— | - ) : (12)
0" | (f(z),xf(x))
Tterating (12) yields
1 0
(f(z),xf(z) = (f(z) ) ( | - )
0f | (f(a)2
= (f(@),x



(ii) By (6), the inverse Riordan array

((Fom) " = (G@.0™)
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by part (i).

Hence,
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where, in the final step, we used the fact that if g(x) = (x/f(2))<"1> then
<-1

)
9(2)/ f(g(x)) = @, and so f(g(x)) = g(x)/z = 1/z(z/f(x))~"~. M

Example 4.1.

7 () - (kg ) - - O
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8

l(ac(l —kx))<7 (2(1 - k:x))<_1>>

= (c(kx), zc(kx)),

1—+v1—4x

where c(z) = 5
x

is the generating function of the Catalan numbers.



5. The action of the forward and backward arrow operators on the
derivative subgroup of the exponential Riordan group

Recall that Pascal’s triangle P is also the exponential Riordan array [e®, z]
belonging to the Appell subgroup of the exponential Riordan group. The
examples P = 52 = [e”,e* — 1] and P = S1 = [ﬁ, logﬁ} given above are
particular cases of our next theorem showing that both the forward and
backward arrow operators map the Appell subgroup of the exponential
Riordan group onto the derivative subgroup of the exponential Riordan group.
The proofs are essentially the same as in Theorem 1, the main difference is
that when working with ordinary generating functions division by x acts as a
lowering operator on the monomial polynomials:

1 n—1

—x" ="
x

the corresponding operator when working with exponential generating functions

is differentiation:
A (e _ an
de \n!') (n—1)

Theorem 2. Let M = [f(x),x] be an exponential Riordan array belonging to
the exponential Appell group. Then

(i)
M= [f(xx / ") dt}

belongs to the derivative subgroup of the exponential Riordan group.
(ii)
= {F(m), / Pt) dt],
0

-4 ((04))

ﬂ also belongs to the derivative subgroup of the exponential Riordan group.

where

Proof.

(i) The exponential Riordan array [ f(z), / f(t)dt| factorises as
0
[f(z), x]

s [sa] -

1,/zf(t) dt| . (13)

0



The k-th column in the exponential Riordan array {1, / f@®) dt} has the
0

1 x k T
e.g.f. 7 (/ f @) dt> . If we write the array array {1,/ f@) dt} in block
"\Jo 0

0

diagonal form as OlT ¥ } then, for k > 0, the k-th column in the array X

has the e.g.f.

< ((,{jl), (f ro dt)k+1> ([ swa) s

Thus X is the exponential Riordan array [f(x),/ f() dt] .
0

Hence, from (13),

1 [ s a]

[f(z), 2] L/xf(t) dt]

(14)

Iterating (14) yields

[f(w),/omf(t)dt} = [f(:c),x](1 } ’ )

by (2).

(ii) By (6), the inverse Riordan array

|
1
\‘
~| =
=

8

by part (i).



Hence,

0
= [fem @) ,95 @], (15)
where
T qt
glz) = o/f(t) (16)

Differentiating the identity g(g<~~1>(x)) = x with respect to x yields, by the
chain rule,

<—=1>
A )]
v 9 <—1>
%(g (2))
since, by (16), dil(;) = f(lx)
Thus, by (15),
()l = [dgd; @) <-1><w>]
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belongs to the derivative subgroup of the exponential Riordan group, where

F(z) = dg;;b (z) = % ((/()ng;) <1>>

by (16). &
Example 5.1. [4094587, the triangle of permutation coefficients, is the

1
exponential Riordan array [1, sc} .

- 1 1
By Theorem 2 (i), A094587 = 1 , log . = S1, the triangle of
- -

unsigned Stirling numbers of the first kind | A130534.

10


https://oeis.org/A094587
https://oeis.org/A130534

1 0 0 O 1 0 0 O 1000 1 0 O
1100 01 00 01 00 1 1 0
2 210 01 10 00 10 - 12 3 1
6 6 3 1 02 21 0 0 11 6 11 6

Example 5.2. Let M = [1 + z,x]. Then, in the notation of Theorem 2 (ii),

M = [F(x), /Ox F(t) dt] ,

Fl)= o ((/Ozl‘if_b) e,

Hence ﬂ = [e",e® — 1]= S2, the triangle of Stirling numbers of the second kind.

where

10 0 0 1 0 0 0 1 0 0 0 1 0 0
01 00 01 00 1100 1 10
0 010 0110 0 210 |1 3 1
0 011 0 0 21 0 0 3 1 1 76

6. q -analogues of arrays and sequences

A g-analogue of a sequence of numbers is typically a sequence of polyno-
mials in ¢ that reduces to the number sequence when g = 1, and satisfies similar
algebraic properties, such as recurrences, to the number sequence. One appli-
cation of the forward and backward arrow operators is to produce g-analogues
of sequences and arrays.

Let M be a lower triangular array. Suppose M (q) is a g-analogue of M.
H
Then M(q) is a candidate for a g-analogue of M.

M———>J\_/I>
|

|

| |

{ 4
M(g) - - — M(g)

<—
Similarly, M(q) is a candidate for a g-analogue of H

q — analogue q — analogue

11
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1
Example 6.1. Let U(q) denote the Riordan array <1, qx) regarded as a
x

1
q-analogue of the Riordan array U = (1, x) Then U(q) is a q-analogue
—x

of Pascal’s triangle P = 7 The first few rows of U(q) are shown below.

1
10 0 0 10 0 0 100 0 . 1

1 ¢ 0 0 010 0 0100 14
1 ¢ ¢ 0 01 g O 0010 _

1 ¢ ¢ ¢ 01 ¢ ¢? 0 01 ¢ lq{

where { Z } is a g-binomial coefficient.
q

The row generating polynomials of U (q) factorise into linear factors and give a
g-analogue of the Binomial Theorem:

n

H (1 +qiz) _ qu(k+1)/2 [ Z ] 3
q

i=1 k=0

Example 6.2. As we saw in Ezample 2.1, F is the Catalan triangle
A033184, whose first column is the sequence of Catalan numbers. Thus the

first column of U(q), which begins
[1L,1,14+¢,14+29+¢*+ ¢ 14+ 3¢ +3¢> +3¢° +2¢* +¢° + ¢5, ..,
is a candidate for a g-analogue of the Catalan numbers.
These polynomials appear to be the area generating functions C),(q) of Dyck

paths introduced by Carlitz and Riordan. See [2, Proposition 1.6.1, p. §].
They satisfy the recurrrence

n—1
Cn(Q) = Z qk_lck(Q)Cn*k(q)v n=2,

k=1

with C(1,¢) = 1.

12



https://oeis.org/A033184
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