Proof of a conjecture stated in A026641

Sela Fried

Sequence A026641 is defined as the number of nodes of even outdegree (in-
cluding leaves) in all ordered trees with n edges. The purpose of this note
is to prove the following result, conjectured by Peter Bala.

Theorem 1. For an integer n > 0, let a(n) = A026641(n). Suppose that
a(n) is odd. Then a(n) =1 (mod 4).
Proof. According to Bala,
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Furthermore, Bala stated that a(n) is odd if and only if n = 2¥ — 1 for some
nonnegative integer k. Thus, we consider n of this form. Notice that, if
k = 0, then n = 0 and the assertion holds trivially. Thus, we assume that
k > 1. Reducing (1) modulo 4, we obtain
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Thus, it suffices to prove that
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We have,
(2n+ 1> - <2k+1 - 1) - Zi-f 2 4 j
n+1 2k i j o

Let P = H?i{l QkJﬁ and write each j as j = 2£juj with 0 < ¢; <k —1 and
u; odd. Thus,
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The denominator H?:? u; is odd and therefore invertible modulo 4. Hence,
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P= H (285 4 uy) H u;j (mod 4).
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Now, if k — ¢; > 2, then 2% + u; = u; (mod 4). On the other hand,
k—+¢; = 1if and only if j = 21 (ie., uj = 1) and therefore, for this j,
2kt + u; =3 (mod 4). This proves (3).

We now prove (4). If k = 1, then the identity holds trivially. Assume
that k£ > 2. We have,
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Furthermore, n = 2¥ — 1 = 3 (mod 4) and n +2 = 2¥ 41 = 1 (mod 4).
Reducing (5) modulo 4 and using (3) we obtain

<2n—|—1> E3<2n+1> ~3.321 (mod 4).
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as asserted. O
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