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Abstract

We provide a complete algebraic proof for the closed-form formula enumerat-
ing the cycles induced by the Prefix-XOR operator on Fy. This resolves the orbit
counting problem for OEIS sequence A007886. The proof relies on the isomorphism
between F§ and the polynomial quotient ring Fa[t]/(t"), the properties of the Frobe-
nius endomorphism in characteristic 2, and M&bius inversion on the poset of powers
of 2.

1 Main Result

Let a(n) denote the number of cycles of the Prefix-XOR operator (equivalent to the Gray
code permutation) on the vector space F5.

Theorem 1. Define Fj := 2"02) for j >0 and set F_, := 0. Then

[logy n]
F.—F;,_;
j=0

Equivalently,
[logy n] 2min(n,2j) _ 2min(n,2~7_1)

a(n) = = ,

Jj=0

with the convention F_; = 0.

2 Definitions and Algebraic Setup

Definition 1 (Prefix-XOR Operator). Let V' = F}. The Prefix-XOR operator [ : V — V

maps a vector x = (2o, ..., Zp_1) to y = (Yo, ..., Yn_1) Where:
k
Yk = sz (mod 2).
i=0

In matrix form, [ is the n x n lower triangular matrix of all ones.



Lemma 1 (Ring Isomorphism). The vector space V is isomorphic to the quotient ring
R =T,[t]/(t") via the map

Under this isomorphism, the operator I corresponds to multiplication by o = (1 +1t)7! in
R.

Proof. Let P(t) =" ;t'. Multiplication by (1 +t) yields

—_

(1+t)P(t) = N (25 + 21 )t

i

Il
o

(with z_; = 0), which is the adjacent-difference operator and hence the inverse of the
prefix-sum operation. Therefore the prefix-sum operation is given by multiplication by
(1+¢)~! in R. Note that (1 +t) is invertible in R because its constant term is 1 (a unit
in Fy) and ¢ is nilpotent. Explicitly one has the finite geometric expansion

(1+1t)" Z ™  in R,
since t" = 0. O

3 Fixed Point Enumeration
We determine the number of fixed points of the iterated operator 12"
Proposition 1. Let F, = | Fix(I2")|. Then:

F, = gmin(n.2),

Proof. The operator I?* corresponds to multiplication by o' = ((1+¢)~")%" in R. Recall
that over Fy the Frobenius endomorphism satisfies (a + )2 = a2" + b2 for all a, b, hence

1+ =1+,

Therefore o2 = (1 + ¢2")~1. Since ¢" = 0 in R, the inverse can be written as the finite

geometric series
(n—1)/2F|

1+ = ()"

m=0

A polynomial z(t) € R is fixed by I*" iff
o' z(t) = x(t) = (1+t2)a(t) = z(t).

Multiplying by (1 + tzk) yields tQkx(t) = 0. Thus the fixed points are exactly the kernel
of the multiplication-by-t2* map in R.



For an integer m > 0, t™P(t) = 0 in R iff ™ P(t) is divisible by ™ in Fs[t], i.e. iff P(¢)
is divisible by "~ when m < n. Consequently the kernel is the ideal (t"~™) with basis

{tn—m> tn—m—‘rl? o ’tn—l}>

of dimension m. If m > n then t™ = 0 in R and the kernel is the whole space of dimension
n. Applying this to m = 2F gives

dim ker(x¢*") = min(n, 2,

SO
Fk _ 2min(n,2k) )

4 Counting Cycles via Mo6bius Inversion

Lemma 2. The operator I on F} is a linear permutation. The length of every cycle is a
power of 2.

Proof. Let 2F be the smallest power of two such that 2 > n. Since t" = 0 in R it follows
that ¢ = 0, hence 1 4+ 2 = 1 and I?" = Id. The order of I is therefore a power of 2,
and by Lagrange’s theorem every orbit size divides this order; thus every cycle length is
a power of 2. n

Proof of Theorem 1. Let C; be the number of cycles of length exactly 2/. For k& > 0 the
set of fixed points of I2" is the disjoint union of all cycles whose lengths divide 2%, hence

k

Fp=Y 2C;.

J=0

On the chain of powers of two, Mdbius inversion reduces to successive differences. For
k > 1 we have
Fy — Fy = 28Cy,

SO

Fy— Fr
Cp = — (k>1),
and with the convention F; = 0 we also obtain Cy = Fy,. Summing all C; up to
the smallest j with 27 > n (ie. j = [logyn]) yields the formula of Theorem 1, since
}7j — 2min(n,23)' N

5 Connection to Gray Codes

Remark 1. The standard Gray code permutation G on FY is defined by G(z) = 2@ (z >
1). The bit-reversal permutation R conjugates G to the Prefix-XOR operator I:

G=R'oI'oR.

Cycle structure is invariant under conjugation and inversion, so a(n) also enumerates the
cycles of the Gray code, matching OEIS sequence A007886. This equivalence is discussed,
for example, in Culberson [2] and Oteo—Ros [3].
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