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A k-rough number is a positive integer all of whose prime factors are greater
than or equal to k [1].

A007775 is the list of 7-rough numbers (together with an extra initial term 1),
that is, positive numbers not divisible by 2, 3 or 5. The sequence begins [1, 7,
11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 49, 53, 59, 61, ...].

It is well-known that the product of m consecutive integers is divisible by m!.
In particular, n(n+ 1)(n+ 2)(n+ 3)(n+ 4) is divisible by 120 for all n. The
following characterization of A007775 generalizes this result.

Proposition.
n(n+r)(n+2r)(n+3r)(n+4r)

120 is an integer for all n if and only if r is
not divisible by 2, 3 or 5.

Proof. Write r = 60m+ s with 1 ≤ s ≤ 60 and observe that r is (or is not)
divisible by 2, 3 or 5 if and only if s is (or is not) divisible by 2, 3 or 5. With
the aid of a computer we �nd

n(n+ r)(n+ 2r)(n+ 3r)(n+ 4r)

120
=

n(n+ s)(n+ 2s)(n+ 3s)(n+ 4s)

120
(1)

+ Ps(n,m),

where, for each s, Ps(n,m) is a polynomial in n and m with integer coe�cients.

Thus to prove the integrality or otherwise of n(n+r)(n+2r)(n+3r)(n+4r)
120 we need

only check the integrality of n(n+s)(n+2s)(n+3s)(n+4s)
120 when 1 ≤ s ≤ 60.

A computer check with small values of n shows that n(n+s)(n+2s)(n+3s)(n+4s)
120

takes noninteger values when s is one of the forty-four numbers between 1 and
60 divisible by one of 2, 3 or 5, and hence by (1), the corresponding numbers
n(n+r)(n+2r)(n+3r)(n+4r)

120 will also be nonintegral. To handle the remaining
sixteen cases we write

n(n+ s)(n+ 2s)(n+ 3s)(n+ 4s)

120
=

(
n+ 4

5

)
+ (2s− 2)

(
n+ 3

4

)
+ qs(n), (2)

where qs(n) is a polynomial in n with rational coe�cients. Computer
calculation shows that in fact qs(n) has integer coe�cients for each of the
sixteen values of s between 1 and 60 not divisible by 2, 3 or 5. It follows from

(2) that for these sixteen values of s the expression n(n+s)(n+2s)(n+3s)(n+4s)
120 is

integral for all n, and thus from (1) the corresponding sequence of numbers
n(n+r)(n+2r)(n+3r)(n+4r)

120 will also be integral. �
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We certainly expect there to be further results of this type. For example,

calculation suggests that n(n+r)(n+2r)(n+3r)(n+4r)(n+5r)
720 is an integer for all n if

and only if r is not divisible by 2, 3 or 5. Proceeding as above, we write
r = 720m+ s with 1 ≤ s ≤ 720 and obtain

n(n+ r)(n+ 2r)(n+ 3r)(n+ 4r)(n+ 5r)

720
=

n(n+ s)(n+ 2s)(n+ 3s)(n+ 4s)(n+ 5s)

720
+ Ps(n,m)

where, for each s, Ps(n,m) is a polynomial in n and m with integer
coe�cients. Thus we are reduced to checking the integrality of
n(n+s)(n+2s)(n+3s)(n+4s)(n+5s)

720 in the �nite number of cases when 1 ≤ s ≤ 720.
This is a good start. However, the analog of (2) becomes

n(n+ s)(n+ 2s)(n+ 3s)(n+ 4s)(n+ 5s)

720
=

(
n+ 5

6

)
+

5

2
(s− 1)

(
n+ 4

5

)
+ qs(n),

The factor of 5/2 is awkward but what is worse, unlike in the above, the
polynomials qs(n) do not have integer coe�cients when s is a 7-rough number.
So we can't immediately conclude anything about the integrality of
n(n+s)(n+2s)(n+3s)(n+4s)(n+5s)

720 .

We run into the same problem when we try to prove the conjectural result

that the sequence n(n+r)(n+2r)(n+3r)(n+4r)(n+5r)(n+6r)
7! is integral if and only if

r is 11-rough. It appears that a new approach is needed to tackle these
generalizations of the Proposition.

It seems natural to conjecture the following: Let p be a prime. The sequence
n(n+r)(n+2r)···(n+(p−1)r)

p! is integral if and only if either r = 1 or the prime
factors of r are all strictly greater than p.

The above proposition is the case p = 5; the case p = 3 can be handled by the
same method and the case p = 2 is trivial.
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http://mathworld.wolfram.com/RoughNumber.html



