Proof of a conjecture stated in A007405

Sela Fried

For n € Ny let a(n) = A007405(n), which is defined to be the nth Dowling
number corresponding to m = 2. For n € N define a square matrix A4,, of
size n as follows:

1, ifi<j—1,
(An)ij =4 =1, ifi=j—1,
(i), ifi> .

The statement in the following theorem was conjecture by Irwin in A007405.
The conjecture was also mentioned in [1].

Theorem 1. Let n € Ny. Then det(A,+1) = a(n).

Proof. Set d,, = det(Ap4+1). Since A; = (1), we have det(A;) = 1 = a(0),
and the assertion holds in this case. Thus, we assume that n > 1 and
therefore analyze A, for n > 2. For j =n,n—1,...,2, perform on A,, the
column operations C; <— C; — C;_1. Denote the resulting matrix by /Tn It
is not hard to verify that

(), =1

0, ifi<j—2,
(Ap)ij = < 2, ifi=j—2,

-2 ifi=j—1,

—(2), fizjz2.

In particular, the last row of En is (1,0,...,0). Therefore, expanding
det(A,) along the last row gives

det(A,) = det(A,) = (=1)"* ! det(Bp_1),

where B, is the square matrix of size n — 1 obtained by deleting the last
row and the first column of A,,. Set by = 1 and, for n > 1, set b, = det(B,,).
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Thus, d,, = (—1)"b,. By Lemma 1,

— - k(T ok
e = by — 3 (1) <k>2 b )
k=0
Multiplying both sides of (1) by (—1)"*! and using d,, = (—1)"b,,, we obtain,
dpi1 = dn + Zn: ") on—kg, (2)
k
k=0
Let F(z) = >.°° (dn%; be the exponential generating function of the se-
quence (dyp)nen,. Multiplying (2) by 2™ /n! and summing over n € Ny yields
[e.e] 2 m
Fla) = F(z) + Fz) S ¢ :fb)' = (1+ ) F(x).
m=0 ’

Since F(0) =dy =1,

F(z) = exp (/Oxu n th)dt> — exp <m + 6212_ 1) :

exactly the exponential generating function of the Dowling numbers corre-
sponding to m = 2 (e.g., [2, Theorem 7]). O

Lemma 1. Forn € N let B,, be the square matrixz of size n defined by

0, ifi<j—1,
2, ifi=j—1,
Bn)ij = 3
By -2, if i = 4, ®)
—@j% if i > j.

Set by = 1 and b, = det(B,,). Then, for every n € Ny,

bt = —by — Zn:(—l)k <Z> % b (4)

k=0

Proof. Let n € Ny. We expand det(B,,+1) along the first column. For 1 <
k <n+1let My denote the minor obtained from B, by deleting the first
column and the kth row. It is not hard to see that M; = B,,. Furthermore,
(Bnt1)11 = —2 and, for 2 < k <n+ 1, we have (By41)k1 = —(kﬁl). Thus,

buia = =20, = (0P () (b 6

k=1



Let 1 < k < n and consider My1. We claim that My, has the following
representation as a block matrix:

P 0
Mk+1 - ( * an) ’

where P, and @Q),,_; are square matrices of sizes k and n — k, respectively.
To justify the zero matrix, let 1 < i < k and k+1 < j < n. Then
1 <k<k+1< 7+1-—1. Thus, (Mk+1)i,j = (Bn+1)i,j+1 = 0. It follows
that

det(MkH) = det(Pk) det(Qn_k). (6)

We now claim that det(P;) = 2¥. To this end, let 1 <4, j < k. We have
(Pr)i,j = (Bn+1)i,j+1 and the latter is equal to 0if i < j+1—1=j and to
2ifi=454+1—1=j. It follows that P is a lower-triangular matrix with
all diagonal entries equal to 2. Thus, det(P;) = 2¥, as asserted.

We now claim that @Q,,_x = B, _j and therefore det(Q,,_x) = det(B,_x).
To this end, let 1 < i,j < n — k. We have (Qn—r)ij = (Bnt1)ith+1,j+k+1-
Now, each of the conditions in (3) holds for ¢ and j if and only if it holds
for i+ k+1 and j + k + 1. Regarding the fourth condition, notice that
—(Zf;il_ﬁj(jf;i)l)) = —(";f]_]) Thus, for the entries of Q,_; exactly the
same conditions apply as for those of B,_; and hence Q,_r = B,_j, as
asserted.

From (6) with the two results just obtained, we conclude that det(My41) =

2Fb,,_i. Substituting this into (5) yields exactly (4). O
Example 1.

1 -1 1 1 1 1 1 -2 2 0 0 0
5 1 -1 1 1 1 5 —4 =2 2 0 0
a4 1 11 |0 -6 -3 -2 2 o0
o 6 3 1 -1 1| [0 -4 -3 -2 -2 2
5 4 3 2 1 -1 5 —1 -1 -1 -1 -2
1 1 1 1 1 1 1 0 0 0 0 0

-2 2 0 0 0

—4 -2 2 0 0

Bs=]-6 -3 -2 2 0

-4 -3 -2 -2 2
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