| Solutions

to Puzzies, Pastimes and’Problems shown on page 20.
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5. Mathematical Music
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The notes on the_five lines 6f the stave represe
odd numbers 1, 3,5, 7, 9, gounting upwards, and\the
Spaces between the lings represent the even numpers

4, 6, 8, whilst the space below the stave repredents 0%
So the tune represents WX—Q 14159265358 . ./

6. True or False? { \

Statements about numbers can
algebra, using n to represent any
Rumber, and 2n+1 any odd number.
(1) Take 2n-1 and 2n+1 as any two consecutive
numbers. Then (2n-1)+(2n+1) = 4‘m\which is
_ always a multiple of 4.
(i) n+(n+1)+(n+2) = 3n+3 = 3(n+1), amultiple of 3.

sually“be proved by
mber, 2n any even

can easily be dra on isometric paper.
grids of different sized\can be duplicated by

racy of the answer is required to #fixed number
of decimal plices, the symmetrical display ajfows the user to
omit those products which do not contribdte to the answer.
Further, it is poXsible to simplify the mulyflication of algebraic
brackets e.g.
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The following problems and ideas from different
sources are related. They may provide useful investiga-

tions for pupils at almost any stage in their school
2ers.

.
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1. Division of a line by points
(See Nuffield Mathematics Project, Problems—Red Set,
No. 3.) One point on a line divides the line into two
regions.

P

Into how many regions is a line divided by n points?
Investigation quickly gives:

Table |
No. of Points: 0 1 2. 3 4 5 ... n
No. of Regions: 1 2 3 4 5 [ n+1

]
If Rg) represents the number of regions obtained with
n points, we have:

RY = 14RY =14n = 1+"C, (1)
2. Division of a plane by lines

(See Nuffield Mathematics Project, Problems—Red Set,
No. 3)

One line in a plane divides the plane into two regions.
Two lines produce a maximum of four regions.

C

What is the maximum number of regions formed by n
lines?
Investigation by drawing reveals the pattern:

/Table I

No. of Lines: 0 1 2 3 4 5 ..., n
Maximum No. of
regions: 12 4 7 11 16 ....... R%

Here it is apparent that R(rf)

algebra soon gives:
P(2) (

=R? +n and a little

+n—1+

n(n+1) = 1+"C,+"C, (2)
3. Division of space by planes

(See G. Polya, Induction and Analogy in Mathematics)
What is the maximum number of regions into which
three-dimensional space is divided by 1,2,3,4,5, ...
planes? It is easy to answer this question for 1,2 and 3
planes. Visualization of three dimensions has to be
good to reach an answer for 4 and particularly 5
planes. The following table is obtained:

Table I11
No. of Planes: 0 1 2 3 4 5 ... n
Maximum No. of ()
Regions: 1 2 4 8 15 26  ........ RY

Algebraic investigation produces:

BY = in(ni-1)4(n+1) = 1+"C"C"C, (3)
4. Regions in a circle
(See A. G. Howson, A Problem Story, Mathematics in
School March 1973)
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What is the maximum number of regions produced
when we join 1,2,3, . . . points on a circle? :

Table IV
No. of Points: 1 2 3 4 5 -6 ... ... n+1
Maximum No. of @
Regions: 1 2 4 8 16 31 ....... Aot

It can be shown that:
RY = L(24+14n+11n*2n%+n%)

n+i

= 1+"C,+"C,+"CytC, (4)

5. The problems compared
The sequences obtained in tables I, II, III and IV are:

1 2 3 4 5 6 7 c.
1 2 4 7 11 16 22 -
1 2 4 8 15 26 42
1 2 4 8 16 31 57 .
and the general terms are: :
1+"C, {24
1+"¢c,+"¢c,

25~

1+"c,+"C,+ "' Cy ——— tZ
Some of the patterns here seem worthy of further
investigation. We have a basic geornetrlc progression, 1
2 4 8 16 ... and it “breaks down’ one term later in
each sequence as we move down the list.
The next sequence in-the series viz: 6 Z/é(
1 2 4 8 16 32 63 120 .
poses the challenge of finding a physical descrlptlon
similar to those for the previous sequences. Following
the pattern established, could it represent some
division of a finite three-dimensional space e.g. a
sphere? Investigations along these lines are liable to

turn an attractive new red Edam cheese into an
unappetizing mass of crumbs. &

1+7C,+"C+ "0, =




