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;»-4?7. 1974

Problems Drive

The problems in the 1974 Archimedeans versus Invariants
problems drive were set by the 1973 »inning pair, Colin Vout
and Martin Brovn,

The ansvers sre on the inside back cover,

1)(&) Is this a knot or not?

fb) Can you get from A to Z in this complex of one-way
streets”?
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"c) Belo- is a supposed picture of a vall tile vhich has
progressively cracked, that is, one nev crack at a time, Each
ne- crack has its ends in the middle of a previous crack or
on the edge, Could this in fact have happened”?

’d) Can the folloving reesdy-creased sheet of pgper be
folded up, “ith no 'tucking-in' needed? (Bold and dotted
lines are oppositely cressed. )

o

2) Let x = pJipf2...p3% be the expression of the integer x in <;~\\\

prime factors such thet p; # p, if 1 = j. (i) Let d(x) be the
14

number of divisors of x /including 1 and x). Express d(x) in
terms of the a's. (ii) Define s{x) = 1 if x is a perfect
scuare, else O, Express $'x) in terms of d(x). (iii) Let N(x)
be the number of representations of x as a sum of two perfect
seuares. Express N(x) in terms of §'x) and thus in terms of &
sum involving only terms like dly).

3) A freme is defined ss a net-orks of sticks, or finite line
segments, dravn in the plene such that each stick crosses
exactly three others, slternately ‘over','under','over' or
vice versa. Each intersection is to involve only two sticks,
one under and one over,

Find and dra+ all possible frames vith at most seven
sticks,

4) Find particular solutions, valid in R\Z, to the
folloving differential eaquations, where f(”(x) = D'£(x) and
[a] is the least integer not more than a.
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5) Mr C.T. Commuter, on his way to the underground station in
the morning, hss to cross Drovntvash Common, This involves
crossing a railway bridge, walking over the common, crossing
a main road and going dovn a side road, The traffic
distribution is such that the probability of waiting t
minutes to cross the mein road is

p/waiting less than t minutes) = (t + T)/2T

He alvays alks at the ssme speed and can cross the
common diretly in a minutes and then vwalk to the side road in
b minutes,

1f he chooses his routes to and from the station as
sensibly as possible, does he take longer to cross the common
on his vay to or from the station? Also vwork out how long he
tskes to cross the common on the way to the station,
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6) This problem is the subject of 'The Cups Problem' on p.24.

7) Solve these simultaneous equations in integers X,Y,U,V
betveen 1 and 50.
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8) Find all finite commutative groups such that the product
of all the elements of the group is not the identity,

9) Our hero finds himself surrounded by four baddies, at the
corners of a square vith him at the centre, A vry smile plays
across his lips a8 he assesses the situation; he knovs that
all four can run at the same speed, vhich, owing to their not
having spent three hours a dey training, is just
three-cuarters of his, But all of them, like him, have
infinitely fast reactionms,

Will our rugged hero escspe? If so, hov and why?

10) G is a finite abelian multiplicative group generated by x|

,X, vhich commute, Entries in this cross-group are elements
of G, vritten with a pover of x, or x, only in esch cell,

Across. |, v/X . " where n is the smsllest positive
integer such that the pro%lem hes a unique solution,

Dovn. 1. ¥x, 2. ¥x

11) In this alphametric, each letter represents a digit in
the base of ten, There are no leading zeroes.
What is the value of THISVISIT ?

THEINVARIANTS
+ ARCHIMEDEANS
= PROBLEMSDRIVE

12) "We cen find the probability that a number is prime by
two different methods,

{i) The number of primes < n is denoted by P'n). It is vell
knovn that P'n)~n/log n as n -> = , Hence
p'n is prime) ~1/log n a8 n <> « .

’ii) Obviously

p/n is prime) = p/2 ¥ n & ...) vhere the
ellipsis indicates all primes less than n, Since the events
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14) ¥hat is the next number in the follq&;
.) 3,3.,5,4,4,3,5,5.4 ? /7b) 1,2,720,?
2,1,13.19'97,211,2 [ (4) 6,8,5,8,4.0,7,3,4,2

)

21ln, 3| n, .., are independent,

p/n is prime) = T p(p t n) = 1(1-1/p).

It can be shovn (honestly!) that

I ( +~1/p) ~2exp{—g)/log n
p<n

a8 n -> » , vhere g is Euler's constant, g = 1.124... .
Thus

p’n is prime) ~1,124/log n
This is & contradiction, and the end of mathematics."
what -is vrong vith the above argument?
13) Two cicuits of model car track are laid out, crossing at

several points, Circuit A is of length 60, circuit of
length 35 and the crossing points relative to the rs

starting point sre at distances:
€070 sgema

A T 15 18 34 48 57
B 9 14 17 19 27 63
Do the cars crash, end if so vhere? //

The folloving periodjcals were exchanged with Eureka this
year, They have been plfced in the Scientific Periodicals
Library,

Gezeta Mathematica spria A,B; Journsl of the Mathematical
Association of Ghang; Scientia Sinicse; Studia Scientiarum
Mathematicarum Hungarice; Analele Stiintifice ale
Universitatii "al,/I. Cuza"; Annales Universitatio
Scientarium Budapbstensis de Rolando Eotvos Nominatee;
Nordisk Matematifki Tidiskrift; Glasnik Matematicki; Revue
Roumanie de Mesfhematiaues Pures et Appliquees; Analele
Universitatii gdin Timisoars; Science et Techniques; Abstracts
of Bulgarian gcientific Literature,
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affirmative using a very ingenious argument ss our
justification,

Let a be the ;319 of kal vahomer, and b the rule

7)) 1- q
~hen q is an axiom, This merely asserts that an axiom is also
a theorem, Let p{x) be "a statement provable by use of b can
be used s r premiss in an inference by x.". Then pla) is
true, and p/b) is true, No- let q/y) be " statement
provable by use of y can be used as a premiss in an inference
by 8.". Then p'a) = a’b) and so is provable {indeed, an
axiom, as far as we are concerned), No- q{a) is certainly
undecidable, and p > p gives w’a,b).

Thus by kel vghomer in this system, ve derive n(a), that
is, the extended use of kal vahomer.

Please note that this is by no meens = formal proof., It
is merely arguing that if kel vahomer applies in the formal
language, it is reamsonable to admit it in the informal
metalanguage: but this then veslidates the extended form in T,

We have thus achieved a rersonable extension of the
predicate ceculus, What is so remarkeble is that this vas
originally argued in s system ocuite distinct from modern
logic, in which, some 500 years ago, the importance of a
metalanguage, and undecidable (or theku) statements was
realised, Perhaps our modern mathematics is not quite so
modern after all!

References,
A fuller statement and bibliography is in
P. Longworth Confrontations ~ith Judaism ’196%),pp. 171~ 196
There is a detailed account in
H. Guggenheimer "Uber ein bemerkenswertes logisches
System in der Antike" Methods!1951)

ANSWERS(CONT))
11) 769369397. D,M.B,C are arbitrary, except that B = C, and
the rest »sre

AEHTINOPRSTV
966969386376

12) The second argument is faulty, The events '2 | n', ...
are independent in peirs, but not in threes, for if n is
divisible by the tvo largest primes less than its square
root, it ~ill never be divisible by the third largest such
prime,

13) Yes, after 334 units,

14) fa) 3. They are the number of letters in 'one','two!, ,,,
‘b) 620 448 401 733 239 439 360 000 = 24! = A'!
gc 795. They are 3" + ‘-2)n,

d) 5, They are the decimal digits of 10 -7 .

N
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Answers

by Colin Vout and Martin Brovn

1) (8) A knot, (b) No. (¢) Yes. [d) No,
2) (1) dlx) = ‘e, + 1)) (g + 1)

d(x)

’

(ii) s'x) =101~ (_1) )/2

(111) ¥'x) =3 77s(y)s x-y) = (Wx)=(x-3)/4 +

d(x)=d(x=
23_1 (x)=d(x y))/4

3) There are one frame with four and two with six sticks,

K 1
P o A N
77N T ‘7&

5) He tekes longer going to vork, He should aim for the point
x minutes from the bridge, ~here x minmizes

Vvl 2 v?) 4 ‘bt - x) /4T
6) See page 24.
7) X =41, Y = 12, U= 49, V = 31

5) The groups must have just one element of order 2, so the
only possible groups are C,_, XA -~here n and |A! are odd and
A 18 abelian .,

9) Our hero does escape, He should heard directly for one bad
guy. When the angle subtended at him by this and every other
bad guy is at least 2ercsin 3’4, vhich is bound to happen, he
belts off along »n angle bisector rnd lives happily ever
after, composing problems for Eureka,

10) N = g8, The solution is

2
"3 xS

X | X




The Cups Problem

by M. Browvn

Question,

If M cups originally upright are inverted N at a time, so
that eventually some that have been turned over +ill be
turned upright again,

(a) when is it not possible to have all M cups upside down
at some stage?

(b) when it is possible, estimate the minimum number of
turns required to carry out the procedure,

Solution,

Let the number of cups unturned at the r'th turn be M.,
r=20,12,... o Then the number unturned is M — M,. Let x, be
the number of inverted cups vhich are turned upright at the
r'th move, then N - x, of the unturned cups are turned upside
dovn, hence

M =M - N+ 2x, 1

r+f r
r
=> M; =M—rN+ZZqu : r>0 2

Hence the problem is soluble if there is an r such that

0 M — RN + 2§:xq 3

it

=> M RN ‘mod 2) 4

Hence there is no solution if M is odd and N even, and ve
shall prove that in all other cases there is a solut1on This
ansvers (a),

At each turn ve have

0<x, <N 5
M, =N+ x,,>0 6
M-M -x,4>0 7
re|
=> ‘r - 1)N >ox, + 2§:qu >rN - M 8
x, =0, x,=0 9

The problem is to find a minimum R for (3),(5),78),(9) to
hold for esch r { R. Let M= zN + h, z,h ¢ Z and 0 < h < N ,

Clearly if N | M then the minimal number of turns is M'N;
thus we can suppose that h > 0,

24

En.3 yields
O=(z—R)NJ—h4-22rl(xq 10
»nd hence +e have
R > z = [M/N] 1

"~here [a] denotes the grestest integer < a).

If z is sufficiently lerge, then it is clear that for a
solution to exist. ve choose x, at each move to cancel h,

Suppose nov that N and h are even; thus N and M are even.
1f ~e choose x, = /N - h)/2 then ’8) holds for r = 2 if z > 1
but if ve choose x; = x, = , we see (8) holds for all
r <zt 2 end for some R f}) 5) ’8),79) hold: in fact ve
chooge R = z + 1, This is obviously the minimum number of
moves, from (11).

Suppose now that N is odd, M is even and z > 1. Then if z
is even, h is even and e choose X, =
X;= X,= 4,4 = 0. This is a solution of (3) (5) (8),(9) for
R'= z + 2, From (4),”11) ve have that this is the minmum
number of moves,

If now z is odd, then h is odd and we can choose as
before x; = n - h/2 , x3= x4 = ... = 0 and get a solution in
z + 1 moves, vhich is manifestly minimal,

The remaining case for z > { is n odd and m odd.

If z is even then h is odd and there is a solution in
z + 1 moves with x, = ‘N - h)/2, etec,

If z is odd then h is even end there is a solution in
z + 2 moves vith x, = N - h/2, etc.

Hence for z > ,, e collect these in the formula

R=[MN] « 1+ -y a

SRR LT SR VP

We nov consider z = 1,
Lemma ,
If M and N are both oven or both odd end [M'N! = 1, N ¥ M,

then there is s solution in 3 moves and esny solution in 3
moves *ith [M'N] = {1 must have M = N “mod 2), and for no such
M,N is there a minimel solution in 2r - | moves, r » 1,
Proof,

If there is a solution in 3 moves,

0=M- 3N + 2fxl +x, + xj) 13
but.xl = X3 = 0, so
= (3N - M)/2 4
=> M,N are both even or both odd,

Conversely, if M = N ‘mod 2) and [M'N] = 1, then
(38 - M)/2 is an integer and
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0< (3N - M)/2 <N 15

so ve take
X, = f3N - M)/Z and ve have a 3-move solution, Suppose there
wvere a minimal solution in 2r + 1 moves, r > {, for some M,N
with [M/N] = 1, Then, by (4), M = N {mod 2) and so there is a
3-move solution, vhich is a contradiction,

Q.E.D.

We may now suppose N odd, M even, Suppose that there is a
solution in an even number of moves, n for M,N. Consider the
complementary position vith M - N cups turned over on each
move, and M cups altogether, Then it is clear that the n-move
solution for M N also furnishes an n-move solution for M,M N
and after n moves in the M,M-N problem the cups ~ill all be
the same vay up,

Let m be a minimal solution for M,M-N and suppose there
is 2 minimal solution for M,N in n < m moves, If n is odd
then from the lemms , n = 3 s0o N = M {mod 2), a contradiction
80 n is even and so there is a solution for M,M - N in n
moves, enother contradiction, Obviously m < n since m is even
from (4). So the minimal number of moves for M,M-N equals the
minimal number for M,N if [M'N; = 1, vhen M is even and N
odd,

3 Problems

by Denis Thicket

"1) Define sequences s ‘i - 0,1,2...) of 7's and 1's as
follovs: s, = 0, 8 =1, and for i > 2. s; = s;_, followed by
B, ;. Let s, be the sequence 10110101... Of vhich each 8;

(i # 0) is an initial segment, Give a rule for finding the
n'th term of s, vithout vriting the series out, and
generalize,

(2) Prove by elementary means: if q is the least prime factor
of the order of a finite group G then any subgroup of index

q in G is normal,

(3) Prove or disprove the anti-Fermat conjecture; if N,a,b,c
are positive integers such that

aN" L pN'_ N

then there are positive integers t,x,y such that

a = th, b = tyN, c = tfx + y)N.
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How to toss a coin

by A. Smith

Before you ansver that, perhaps I should point out that
the problem is, ae it stands, rather merningless.
Mathematiciens at Oxford have not been idle recently,
hovever, and ve have nov discovered a context in which the
question becomes a perfectly sensible one.

The story goes as follovs, An undergraduate possesses a
coin, vhich has probability p of shoring heads when tossed,
He invites a friend to guess the value of p, and to make the
game more interesting, he suggests a gamble along the
folloring lines, If the friend guesses the value g, then he
is to receive & sum equal togc - k(p - g)l) if the latter
is positive, but if negative he pays the owner of the coin a
corresponding amount, fAssume that the values of ¢ and k are
such as to make the gamble interesting), The friend hesitates
for a moment and then asks vhether he is allowed to toss the
coin a fer time "just to get the feel of it", {You see, the
friend knovs his lavs of large numbers and reasons that, if
he can toss it enough times, the proportion of heads that
~ill serve as his guess g is very likely to be close to p -
the smaller (g - p)z, the bigger his “innings), The owner
replies that he can chhoose to make any fixed number of
tosses, but it -ill cost him £c per toss, plus £d (for luck)
every time s hesd appears,

Question: how many tosses should the friend choose to
make? Should he in fact play the geme at all®

We first notice that if he vere to make n tosses, r of
vhich turned out to be heads, and then were to guess g for p,
then his loss, vith respect to guessing g :ithout any tosses
vould be given by kp - g)* + cn + dr, But vhat should g be?
Cleerly it should depend on his beliefs about p posterior to
performing the tosses: these in turn, depend on his beliefs
prior to performing the tosses., Let us suppose the latter to
be represented by ='p) = Lpa-l’| _ p)b=!  .here

1
171 =[5 plap < ) B) /1 a )
0

and

ﬁ’.p) dp ,'fx’p) dp

1 I

is the odds the friend vould give on p belonging to the
interval I rather then its complement T ’it is through the
latter kind of -consideration thst one chooses the values a
and b).

Bayes theorem no- provides us vith the required posterior
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