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59, GREENVILLE DRIVE,
MAGHULL,
LIVERPOOL L31 7DF,
ENGLAND.

Mr, N.J.A. Sloane,
Mathematics Research Center,
Bell Laboratories,

600 Mountain Avenue,

Murray Hill, New Jersey, U.S.A.
16th November, 1974.

Dear Sir,

Thankyou very much for your letter of 6th November

and the accompanying Supplement 1.

I was very flattered by your letter being addressed to Dr. D. Je
Andrews, but unfortunately I am very much an amateur mathematician

and artist, working as a Systems Analyst.

Besides the Scientific American article I mentioned in my previous
letter, I have also seen a reference to a series called 'DRAKULA'
(DRAgon CUrves superimposed) by H. W. Franke. This was in a book
called 'Computer Graphics Computer Art' ISBN O 7148 1503 9

Library of Congress Catalog Card Number: 72-162314. This book is
published in the U.S.A. by Phaidon Publishers Inc. and distributed
by Praeger Publishers Inc., 111 Fourth Avenue, New York, N.Y. 10003.
I sincerely hope this will be of some help.

Thank you once again for your reply,

Mr. D. J. Andrews,



se. iMidway tnrough tne calcula-
" it may flash into one’s mind that
“is a better strategy. “One must
B 1 tely ignore that, and keep on rid-
b he inferior horse.”
f\itken squares numbers by the meth-
own in the bottom illustration on
1 “he b is chosen to be fairly
71 al ch that either (¢ + b) or
p) is a number ending in one or
seros. In the case illustrated Aitken
& ) equal 23. Having memorized a'ta-
B, of lower squares, he knows that 232 is
&9 without thinking. During his lecture
a5 given seven three-digit numbers,
# of which he squared almost instant-
Two four-digit numbers were squared
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bout five seconds. Note that Aitken’s

&0l when applied to any two-digit
Shber ending in 5, leads to a delight-
; simple rule that is worth remem-
fing: Multiply the first digit by itself-
s-one and affix 25. For example, 85 X

8 times 9 is 72, and appending 25

fhes 7,225. -
WThomas H. O'Beirne, a Glasgow
Mthematician with whom I correspond,
®ntioned in a recent letter that he once
int with Aitken to an exhibition of
calculators. “The salesman-type
monstrator said something like ‘We'll
#@v multiply 23,586 by 71,283.” Aitken
#d richt off ‘And get... (whatever it

). The salesman was too intent on

Winc ezon to notice, but his manager,

o w;‘ ‘tching, did. When he saw

Wken w
®d so did 1).”
e machines are, of course, discour-
nz young people with wild talents
Aitken’s from developing their skills.
en confessed at the close of his lec-
that his own abilities began to de-
Porate as soon as he acquired his fiest
¥k machine and saw how gratuitous
skill had become. “Mental calcula-
@ may, like the Tasmanian or the
foriori, be doomed to extinction,” he
gcluded. “Therefore...you may be
fe to feel an almost anthropological in-
: st in surveying a curious specimen,
@ some of my auditors here may be
e to say in the year a.p. 2000, Yes, I
®ew one such.””
Next month I shall discuss some of the
ks of stage calculators by which even
#&|hro can obtain impressive results.
e the masters have not been above
'_ _ducing pseudo-calculations  into
r stage work, much like an acrobat
PO gets applause for a showy feat that
Wually is not difficult at all.

he a rs to the set of problerns
pPresented here last month follow:
1. (1) False (for example, the square

) SL(: /l'yi"\’)"é_a'éb-x

right, he nearly threw a fit

rootor L/=x1s 1/x). (=) 1905 pennies are
worth $19.63. (3) No. All.even numbers
(except 2) are composite. Every se-
quence of composite numbers separat-
ing two primes must therefore begin
and end with an even number. Conse-
quently the sequence will contain an odd
nuraber of composite numbers. Since 10
is even, there cannot be 10 composite

numbers between two primes. (4) Alan

W. Wolff is a lady. (5) Six. (6) A quarter-
inch. The first page of Volume I and the

last page of Volume Il are separated
only by two covers. (7) Let a stand for -

1234567890 and write the simple equa-
tion a2 — (a — 1) (a + 1) = 1, which re-
duces to 1 = 1. (8) Yes. A tetrahedron
has four faces, and so the assertion that
it has “four or five faces” is correct. (9)
123436789. (10) Zero. (11) He deals the
bottom card to himself, then continues
dealing from the bottom counterclock-

- wise. (12) Deny.

2. NORA X L = ARON has the unique
solution 2178 X 4 = 8712. Had Nora’s
middle initial been A, the unique solu-
tion would have been 1089 x 9 = 9801.
The numbers 2178 and 1089 are the only
two smaller than 10,000 with multiples
that are reversals of themselves (exclud-
ing trivial cases of palindromic numbers
such as 3443 multiplied by 1). Any
number of 9’s can be inserted in the
middle of each number to obtain larger
(but dull) numbers with the same prop-
erty; for instance, 21999978 x 4 =
87999912. For a recent report on such
numbers, in all number systems, see
“Integers That Are Multiplied when
Their Digits Are Reversed,” by Alan
Sutcliffe, in Mathematics Magazine,
Vol. 39, No. 5, November, 1966, pages
282-987.

3. Each dragon curve can be de-
scribed by a sequence of“Binary digits,
with 1s standing for left turns and 0’s
for right turns as the curve is traced on
graph paper from tail to snout. The for-
mula for each order is obtained from the
formula for the next lowest order by the
following recursive technique: add 1,
then copy all the digits preceding that
1 but change the center digit of the set.
The order-1 dragon has the formula 1.
In this case, after adding a 1 there is
only one digit on the left, and since it
is also the “center” digit we change it to
0 to obtain 110 as the order-2 formula.
To get the order-3 formula add 1, fol-
lowed by 110 with the center digit
changed: 1101100. Higher-order formu-
las are obtained in the same way. It is
easy to see that each dragon consists of
two replicas of dragons of the next low-
est order, but joined head to head so that
the second is drawn from snout to tail.
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Geometric method

The top illustration on the opposite
page shows dragon curves of orders 0 to
6. All dragons are drawn from tail to
snout and are here turned so that each is
swimming to the right, the tips of his
snout and tail touching the waterline. If
each 1 is taken as a symbol of a right turn
instead of a left and each 0 as a left tum,
the formula produces dragons that face

the opposite way. The colored spots on -

each curve correspond to the central 1’s
in the formulas for the successive orders
from 1 to the order of the curve. These
spots, on a dragon of any order, lie on a
logarithmic spiral.

The dragon curve was discovered by
physicist John E. Heighway as the re-
sult of an entirely different procedure.
Fold a sheet of paper in half, then open
it so that the halves are at right angles
and view the sheet from the edge. You
will see an order-1 dragon. Fold the
same sheet twice, always folding in the
same direction, and open it so that every
fold is a right angle. The sheet’s oppo-
site edges will have the shapes of order-2
dragons, each a mirror image of the
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. parently some do and some don’t, and
some don’t know whether they do or
don’t. The French psychologist Alfred
Binet was on a committee of the Aca-
démie des Sciences that investigated the
mental processes of two famous stage
calculators of the late 19th century, a
Greck named Pericles Diamandi and
Jacques Inaudi, an Italian prodigy. In
his 1894 book Psychologic des grands
calculateurs et joueurs d'échecs Binet re-
ported that Diamandi was a visualizer
but that Inaudi, who was six times as
fast, was of the auditory-rhythmie type.
The visualizers have almost always been
slower, although many professionals
were of this type, such as Dagbert, the
Polish caleulator Salo Finkelstein and a
remarkable Frenchwoman who took the
stage name of Mademoiselle Osaka. The
" auditory calculators such as Bidder seem
to be more rapid. Willinn Klein, a
Dutch computer expert who used to per-
form under the name of Pascal (Life did
a story about him in its issue of Febru-
ary 18, 1952), is probably the fastest liv-
ing multiplier, capable of giving the
product of two 10-digit numbers in less
than two minutes. He too is an auditory
calculator; indeed, he is unable to work
without muttering rapidly to himself in

1101001110010
663kl 1101001 11001001~
1011090110010

}{47!!6&14;;,

110110011J001001 —
1101100011001001 -
11011001 11001000~

110710001100100 | -

Sea dragons of orders 0 to 6, with'their binary formulas _'7)'; O&2354T118 =66 ) &b

£ _?‘r'z}'
b L

Dutch. If he makes a mistake, it is usu-
ally caused by his confusing two num-
bers that sound alike.

Aitken said in his lecture that he can
visualize if he wishes; at various stages

of calculation and at the finish the num-

bers spring into visual focus. “But mostly
it is as if they were hidden under some
medium, though being moved about
with decisive exactness in regard to or-
der and ranging. I am aware in particu-
lar that redundant zeros, at the begin-
ning or at the end of numbers, never
occur intermediately. But I think that it
is neither seeing nor hearing; it is a com-
pound faculty of which I have nowhere
seen an adequate description; though
for that matter neither musical memori-
zation nor musical composition in the
mental sense have been adequately de-
scribed either. I have noticed also at
times that the mind has anticipated the
will; T have had an answer before T even
wished to do the calculation; I have
checked it, and am always surprised that
it is correct.”

Aitken’s skull houses an enormous
memory bank of data. This is typical of
the lightning calculators; I doubt that

there has cver been one who did not:

know the multiplication table through

{ - - 1 r 7

T 1 T 1

100, and some authorities have suspect-
ed that Bidder and others knew it to
1,000 but would not'admit it. (Larger
numbers can then be broken into pairs
or triplets to be handled like single
digits.) Long tables of squares, cubes,
logarithms and so on are stored in the
memory along with countless numerical
facts—such as the number of seconds in
a year or ounces in a ton—that are useful
in answering the kind of question au-
diences like to ask, Since 97 is the largest
prime smaller than 100, calculators are
often asked to compute the 96-digit re-
curring period for 1/97. Aitken long ago
memorized it, so that if anyone pops
that question he can rattle off the answer
effortlessly.

There are in addition hundreds of
shortcut procedures the calculator has
learned or worked out for himself. The
first step in any complicated calculation,
Aitken pointed out, is to decide in a flash
on the best strategy. To illustrate, he dis-
closed a curious shorteut that is not well
known. Suppose you were asked for the
decimal reciprocal of a number ending
in 9, say 89. Instead of dividing 1 by 59,
you can add I to 59, making GO, then
divide .1 by 6 in the manner shown in
the top illustration on the preceding
page. Note that at each step the digit
obtained ir the auotient 3¢ alea evitered

purpose. Midway through the cal

tion it may flash into one’s mind

there is a better strategy. “One 1

resolutely ignore that, and keep on

ing the inferior horse.”

Aitken squares numbers by the m

od shown in the bottom illustratior
page 117. The b is chosen to be f:
small and such that either (@ + b
(¢ = D) is a number ending in onc
more zeros. In the case illustrated Aijt
lets b equal 23. Having memorized a
ble of lower squares, he knows that 2
529 without thinking. During his lect
he was given seven three-digit numb,
cach of which he squared almost inst:
ly. Two four-digit numbers were squa
in about five seconds. Note that Ajtkc
formula, when applied to any two-di
number ending in 5, leads to a delig
fully simple rule that is worth remc
bering: Multiply the first digit by itsc
plus-one and affix 25. For example, 85
85: 8 times 9 is 72, and appending
makes 7,295,

Thomas H. O’Beirne, a Glasg
mathematician with whom I COTrespor
mentioned in a recent letter that he on
went with Aitken to an exhibition
desk calculators. “The su]esman-ty}
demonstrator said something like “We
now multiply 23,586 by 71,283.” Aitk
s_'zu'd right off ‘And get.. . (whatever
was). The salesman was too intent (
sclling even to notice, but his managc
who was watching, did. When he soa
Aitken was right, he nearly threw a |
(and so did 1).”

The machines are, of course, discou
aging young people with wild talen
like Aitken’s from developi i skill
Aitken confessed at the clog €
ture that his own abilities began to de
teriorate as soon as he acqug s fir
desk machine and saw how nitou
his skill had become. “Me alcul
tors may, like the Tasmang

[ o1 thl
Moriori, be doomed to oxt@’ h
concluded. “Therefore . vn i I
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That’s an important memo
for the executive consider-
ing sites for a new plant.
*IT is Industrial Tempo,
the sum total of many

factors that add up to the

fact that Baltimore County
is the perfect choice. IT

is a prosperous economy, a
concentration of science-
research-engineering firms, -
nearness to Washington, -
"D.C., leading colleges and
universities, an ample
skilled labor supply, many
cultural advantages . . .
these and much more!

SELECTING A PLANT SITE?
WRITE OR CALL:

H. B. STAAB, Director Dept. S.
BALTIVMIORE COUNTY
Industrial Development Commission
Jefferson Building, Towson, Md. 21204
Phone: 823-3000 (Area Code 301)
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other. Folding the paper in half three
times generates an order-3 dragon, as
illustrated at the bottom of page 118.
In general n folds produce an order-n
dragon.

The binary formula can be applied, of
course, to the folding of a strip of paper
(adding-machine tape works nicely) into
models of higher-order dragons. Let
each 1 stand for a “mountain fold,” each
0 for a “valley fold.” Start at one end
of the strip, making the folds according
to the formula. \When the strip is opened
until each fold is a right angle, it will
have the shape of the dragon corre-
sponding to the formula you used.

Physicist Bruce A. Banks discovered
the geometric construction shown on the
preceding page. It begins with a large
right angle. Then at each step each line
segment is replaced by a right angle of
smaller segments in the manner illus-
trated. This is analogous to the con-
struction of the “snowflake curve,” as ex-
plained in this department in April,
1965. The reader should be able to see
why this gives the same result as paper
folding.

William G. Harter, the third of the
three physicists who first analyzed the
dragon curve, has found a variety of fan-
tastic ways in which dragons can be fit-

\

£

ted together snugly, like pieces of a
jigsaw puzzle, to cover the plane or to
form symmetrica] patterns. They can be
joined snout to snout, tail to tail, snout
to tail, back to back, back to abdomen
and so on. The illustration below shows
a tail-to-tail-to-tail-to-tail arrangement
of four right-facing order-6 dragons. If
the reader wishes to produce an eye-
dazzling pattern, let him fit together in
this way four order-12 dragons like the
one shown last month. For dragon-join-
ing experiments it is best to draw your
dragons on transparent paper that can
be overlapped in various ways. I would
enjoy hearing from readers who find any
unusual properties of this newly discov-
ered curve.

4. The top illustration on page 123
shows how as few as six dominoes can be
placed so that if each is given a color,
four colors are necessary to prevent two
dominoes of the same color from touch-
ing along a border.

5. Five spots can be placed on the
figure as shown in the bottom illustration
on page 123 so that each pair is sepa-
rated by a distance equal to the square
root of 2 or more. There is enough lee-
way to allow each dot to be shifted
slightly and therefore the number of dif-
ferent patterns is infinite. Did the reader

~—

Four order-6 drugons joined at their tails
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MATHEMATICAL GAMES

An array of problems that can be solved

with elementary mathematical techniques

by Martin Gardner

nly an elementary knowledge of .
mathematics is needed for solving

any of the following problems.
We begin with a collection of a dozen
“quickies” and close with a combinatorial
problem that is the most difficult of the
lot. The answers will be given next
month.

1.

1. The square root of any number n is
always smaller than n. True or false? ~~

*2. Why are 1963 penmes worth al-

most $207 {f 19 £5

3. In the sequence of integers 1, 2, 3,
4... are there two prime numbers sepa-
rated by exactly 10 composite (non-
prime) numbers? (Supphed by Edwin M.
MecMillan.) ) —
4. Alan W, \’Volﬂ: of Sacramento,

" Calif., writes (I quote from a let-

ter): “I am the only registered civil en-
gineer in the state of California who has
a twin brother who is also a registered
civil engineer in California.” Explain. -

5. How many outs are there in one

~ inning of baseball? — (.

6. Volume I, two inches thick, stands
on a shelf to the left of Volume II, which
is an inch and a half thick. These dimen.

- sions include the covers, which are an -

eighth of an inch thick. A tiny worm
starts on the first page of Volume I and
eats his way horizontally until he reaches
the last page of Volume II. How far does
he go?

7. Without domg the mu]tlphcauon
prove that 19340672890’ 19345675889
X 12345691) = 1. (Contnbuted by
Stephen Barr.)

8. Does a tetrahedron have four or
five faces? Answer yes or no.

9. Write the digits 9 to 1 in order,
backward. .

10. The integers 1, 3, 8 and 120 form
a set with a remarkable property: the
product of any two integers is one less

124

than a perfect squ.are. Find a ﬁffh num-
ber that can be added to the set without

destroying this property.

11. A telephone call interrupts a man
after he has dealt about half of the cards
in a bridge game. When he returns to the
table, no one can remember where he

had dealt the last card. Without learning -

the number of cards in any of the four
partly dealt hands, or the number of
cards yet to be dealt, how can he con-
tinue to deal accurately, everyone get-
ting exactly the same cards he would
have had if the deal had not been inter-
rupted?

12. What four-letter word ends in

N :‘eny"?
&)

2.

A col]egé girl has the unusual palin-
dromic name Nora Lil Aron. Her boy-

friend, a mathematics major, was bored

one morning by a dull lecture and

amused himself by trying to compose -a ;

good number cryptogram. He wrote his
girl’s name in the form of a SImple multi-
p]lcatxon problem

NORA
L 2%
ARON =

Was it possible to substitute one of the

- 10 digits for each letter and have a cor- <
rect product? He was amazed to discover-
that it was, and also that there was a.*
unique solution. The reader should have - - -

little trouble working it out. It is assumed

that neither, four-digit number begins
with zezo \ :
S@ ol ~

\\B/
3.

A ﬁeq d coker design decorated a
booklet that William G. Harter, now a

candidate for a doctorate in physics at -

the University of California at Irvine,
prepared for a National Aeronautics and
Space Administration seminar on group
theory that he taught last summer at
NASA’s Lewis Research Center in Cleve-

land [see illustration -at - right]. The

I
“dragon curve,” as he calls it, was djg
ered by his NASA colleague, phys
John E. Heighway, and later analy
by Harter, Heighway and Bruce
Banks, another NASA physicist,
curve is not connected with group {
ry, but it was used by Harter to

" bolize what he calls “the proliferatio

cryptic structure that one finds in §
discipline.” It is drawn here as a fantg
path along the lattice lines of graph
per, with each right-angle tum roun

- off to make it clear that the path n

crosses itself. You will see that the ¢

-vaguely resembles a sea dragon padd]

to the left with clawed feet, his cy
snout and coiled tail just abme
imaginary waterline.

The reader is asked to find a sinf

;
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Next month I shall explain three: one
based on a-sequence of binary digits, one
on a way of folding paper and one on a
geometric construction. It was the sec-
ond procedure that led to the discovery
of the curve. I shall also explain the sig-
nifica=-¢ of the 12 colored spots, which
indig that this is a dragon curve of
order-12. They happen to lie on a loga-
rithmic spiral, although this was not
noticed until later and it plays no role in
the construction of the curve.

4.

Polyominoes are shapes formed by
joining unit squares. A single square is a
monomino, two squares are a domino,

METAAMA ARl UL LUV LV dAldaihNe LWY U l)'lJC)
of trominoes, four make five different
tetrominoes, five make 12 pentominoes,
and so on. I recently asked myself: What
is the lowest order of polyomino four
replicas of which can be placed so that
every pair shares a common border seg-
ment? I believe, but cannot prove, that
the octomino is the answer. Five solu-
tions were found by John W. Harris of
Santa Barbara, Calif. [see illustration on
next page]. If each piece is regarded as
a region on a map, each pattern clearly
requires four colors to prevent two bor-
dering regions from having the same
color.

Let us now remove the restriction to
four replicas and ask: What is the lowest
order of polyomino any number of rep-

A “dragon curve” of the 12th order
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requires four colors? It is not necessary
for any set of four to be mutually con-
tiguous. It is only necessary that the rep-
licas be placed so that, if each is given a
color, four colors will be required to pre-
vent two pieces of the same color from
sharing a common border segment. Re-
gions formed between the replicas are
not considered part of the “map.” They
remain uncolored. The answer is a poly-
omino that is of much lower order than

eight.

O.

An amusing double problem was given
by D. Mollison of Trinity College, Cam-
bridge, in a 1966 problems contest for
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