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W“u‘w A formula for the summation of the series s” has been given by
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Hansraj Gupia [2] in terms of G-functions. The present author [1]
obtained the sum in terms of functions allied to the G-functions.
In this paper the sum 1is obtained in terms of another class of
functions termed L-functions. The numerical values of these are
symmetrical integrals. These numbers are interesting because of
their close relations with Prepared Bernoullian and Kulerian num-
bers. From the properties of these L-functions it has been possible
to express a DPrepared Bernoullian number Suxi in terms of
algebraic functions of m although the formula is of no practical
utility in the evaluation of Sym;;. Some algebraic identities have
also been obtained from the solutions of difference equations connec-
ted with L-and related functions.

n
1. L (m, n) and the series > ¢,

y=1

It may be shown that for all positive intezers

r s+ h -1
g= SLeow (Y (1)
v r
G . i
N o= N i ! .2
s:xb kZIL(/'/)</'+I )
where L, ) ={m—nu+1)L{m=1, v=1)+nL (m-1, u)} (1-3)
Line L) =1, m=1; L(Ln)=0; n=2 ’

Table (1) gives a few values of L (m, n).

2. From (1-3) the first three of the following four can be easily

obtained.
To(m, n) = Litn, i =n+1)

m

S Li(m.r) = m! (2-2)
r=1 .

2m r+1

S(-1) L@m =20 (2-3)
r=1
2m41 r+1 mo

N (“ ]) L (2'1{ + l, f') = (‘ 1) ng+| . (24)

r=1

where S,my; are Prepared Bernoullian numbers.




¢ 41100 L St VI 1A uwe e Mg Eaa  mRaemem e e

: m—r‘t+l m-1
P Lo(mon) = 2
r=1I | 1.

) LGn-»r n-1). (3:1)
Table (2) gives a few values of L' (m, n).

It may be easily shown that

L' (m,n) = L On, ne—nt ). (3-2)

Further let

m 41
) = > (-1 L{m, r) 3-3)
r=1
m r+1
Hw) =2 (-1 L' (e, or). (3-4)
r=1
Using (3-1) and (3-3) in (3-1), we get
m—2 _
H () =1~ 520 (m . L) B =s-1). (3-5)
By virtue of (2-1) and (3-2), /i (20) and H (2r) vanish. Hence
-h(2n-1) =”;‘I (2”— ) (2 -2 -1) {3-6)

Now (3-6) is clearly the rccurrence relation between Prepared
Bernoullian Numbers Syn taken alternately positive and negative.

Hence

h ['2/!1 + 1) = ( - L)”’Syn p]ﬁ. (37)
(3-7) gives (2-4).
4. By putting m=2n+1 in (3:5), it may be shown that

A@n+1) =(-1)"Sm (4-1)
where S,» are Eulerian numbers.

5. Defining another set of numbers by the equation

"l—'i+l "
LG, n) = 21 ( 7‘) L{m=»,n-1) (5-1)
y=
it may be shown that
it r
S (=1) L' (wr)= (sin Fz’—” + cos Nzlt) S (5-2)
r=1

where S,m,» are Prepared Bernoullian and Sym are Ealerian numbers.
Table (3) gives a few values of T (m, n).

6. A solution of the equation (1-3) can be easily obtained by
putting s=1. 2, 3 etc. in (1-1). We get

n—1 . m

oG, ) = S (—\)’ (m:l) {n=7r) . (6-1)

=
r=0
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7. Using (6-1) as basis let a class of numbers be defined by

n—1 r nm
Lo p)=73 (- 1) (m+/;) (n=1r) . (7-1)

r=0 r

The following properties may be easily proved.

Lolmyn, 1) = L (u, 0) (7-2)

LG, ) = (ne=n v p) Lo (i - Lon=1Lp)+ o L(m=1, n, p) (7-3)

LoCm,n, p) = Lol o, p=1) = L, u-1, n-1) (7-4)

L angy)=(-0"1, (g =0+ ) (7-5)

Table (4) gives a few values of 1, (i 10, po).

8. It is possible 1o express Some as a fAnite series in powers of .
However, for the purpose of evaluation of S,my, the series is of no
use as the expression is not very simple.

From (7-4) we get

mtp—1 r m-tp--2 r—1
S (-0 Ly op) =2 S (-1 L(mr, p=1) (81)
r=1 r -1
”’+/f_2 =1
=270 (~) Lo(m, e, 1) (8-2)
r=1

Using (7-1) and (2-4) in (8-2) we et

2//I‘+I 2/'l+/"—1 Do+ o+
O B L e N B AL R N ( n '/’ 1). (8-3)
et rZo ’
[n (8-3) putting p=1 wo ged
200l 2m- 11
R e . RIESAN
- ]\’“S.:mr = N (— ] o ,'.nhl y E ( ) \ (84“)
(= 1"Sgm Y (2o r /)

9. Multipiving 834) by 227" and ciquating to (8-3), we get

2 2 -t,. .
2["’;/”\:‘-1( - ]_)I‘I t 2okl Hl.{'I ('2”’ + 2)
S rSo N
21//'1‘-‘,"—/ 9D
S AL AEG N S G A FRN TR
r -0 r
From (7-4) and (7-3) it may be shown that T (2., ned o, ) =0,
{9-2)
CApplying (7-1) to (9-2) we get
man~—1 Q.+ 9 R
B N G R ! (9-3)
§=0 s i
where mn>1. u> 1.

From (7-1) we get
L(1,1, 1)=1. (9-4)




_' t. Then by using (9-4) in (9-5). we get L{1, n, p)=(~ 1),._'1'(;';':
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Applying (7-4) repeatedly to itself, we get

b .
L{l,np=23(-1° (/) L, n=s,p=f) (9-5)
§=0 :

From (7-1) and (9:6), we get
n-—1 R
N (1) (- p+l o n—\(l’"] )
5:0( RACRRY ( & ) (=1 )1—1) (9 7
where p=n> 1.
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Table (1) \/

L (n, ) =(m=—n+1) L tm=t,n~UO4aLim=1,m: L(LL=1;T1.(1,22=0; mntoe

N ' ' . | m "
N 1 2 3 4 3 6 | 7 s LGw,n) ¥ (~1)""'L (m, n)
mN U (M (A | T n=1 | =1
I 1 ! : I=1! I + I1=+S,
2 11 1 &'/8'2?—2 2=21 0
3 1 4 - I 6=73! | - 2=-=5
i
4 I II 11 I 24=4! 0
5 .26 66 . 26 1 : 120=5" + 16 =4S,
6 10 57 302, 302 ' 57 1 720=0" 0
7 | 1 120 11Qf 2416 1191 120 I 5040 7! - 272=-S;
Table (2)
m=n+1 _ \I
L tm,n) = z (”j I) Lot -r, n=1) S-Z?'
r=1 et J/
u o oo
\‘ ‘ ., 2 3 l 4 3 6 7 2 L Ononl  (=1)7" Lo, m)
e { ) J n=1 ton=1
. | _
1 } +1 =485,
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Table (3)
m—n+ I m
L (m, n) = b3 ( ) Liim—r, n—1)
r=1 r
n | ‘ . | m
I, 2 3 | 4 5 6 7 ' = L'(mw s (-0)"YL" (m, u)
2 I S S R m=1 o
- oo | [V e e
. | 1
2 1 2 i 3 - 1 ==
3 16 3 l ‘ 10 - 2 =-5
4 T 14 . 22 4 41 + 5 =4S,
5 I 30 105 65 5 i 206 + 16 =+8S,
6 I © o2 416 5§81 171 6 1237 - 61 =—S;
7 1 120 1491 3920 2095 420‘| 7 8660 —272 = -5
Table (4)
Limywu,p)=(m—=n+p) Lm=1,a=1,p)+nL (m-1,n,p)
p=1 p=2
\n | ‘ | ’ n| | ‘ | .
Tz 3 45 1|2 3| 4)5 6
m | i } m\/ i .‘ L )
| | | | ' ;
I | 1o -1 | \
f .
2, 1 1 2.1 0 ‘—x ' !
1 | | ‘ ' 1 | I
3001 4 11 300103 \—3 - !
4 1 111t 1 ; 4 1 10 0 —10 - | ’
5 1 26 |66 26 1" S 11 25 | 40 —40 -25 -1
p=3 r=4
n 1‘ \ \_\H“ . ;
12 3 45\6‘7\‘,1 2(3 4 5\6 7 8
Mmoo\ 7N ' ) i__
, | i I
\ Lo
I 1-2 I S G 3 i—l :’ (
2 1 -1 =1 | I 2 1i-2 o0 2o i
3.1 2 -6 2 1 301 1 =8 8 -1 -1 | |
4 1 9 -10 -10 9 I 4 1 8 -9 o0 ‘19 -8 -1 '
S 1,24 15 -80 15 24. 1|5 1 23 =9 [-95!05 g |-23 |~I
5 - ' l | : }
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ON THE DIVISI
BERNOULLL

The numbers S
oceur in the expan
while Sym.y are kno

[ Swmo=(-1)
The identity
§n=(g) S
gives
Smpa=(-1" m
Applving (1-2)
Semes=(=-1,"5
Again applying

ng+6:( - 1)”"61
and so on.

The above sugt
S-jnwgké( - 1)"' S

The following

(2m +

In (1-1) putting

2m+
Somyaksz = (

+ (‘Zm o+ 2
Qm+ 2

v
!
{

(2}
24
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