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The most useful generalization of the logistic curve is that

" 1t seems clear that the simplest
ally applicable to the means and
ariances, of samples from popu-
's of normal populations is para-
“certain values of the parameters

‘cgression relations may involve
important.  As the size of the
that this exponential term will

plausible that even with large
4 means and variances, means
essentially parabolic. It is not
T a good approximation to the
zive an adequate notion of the
and variances, means squared
popnlation represented by (1),
umi! f modes, in skewness,
cristics.  For instance, surface
* may be bimodal or unimodal,
BSt vary markedly.  Surfaces
7 and with the terms suitdbly
15 to the probability relations
5 squared and variances of
“presented by (1),

having the form

- &
(]) {/= /+-ea+bx4ca:2+gx3---.

In practice it will seldom be found necessary to use higher
powers of @ . This equation may also be writtcy

(2) Y = 2+t bx+cx®iga?

in which Y= log _k;'i

If we can evalua%e the constant k with reasonable accuracy,
the value of Y corresponding to each observed value of ¢ can
be computed, and theq the values of the coefficients 2, 5 ¢, and
9 » in equation (1) may Dbe obtained by fitting equation (2) as
a generalized parabola by the method of least squares,
~ The normal equations necessary to make this fit will be found
to be

aZx® + by o tCXx® r g o?

=2ZY
//4_ g & Attt + 0L x* +c2x3+92x4=230cY
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356 A TABLE I'OR LOGISTIC CURVES

In the special case where the observations have, been made
at regular intervals (that is, where the successive values of x are
in arithmetic progression) the solution of these normal equations
may be greatly simplified. We may then select an arbitrary origin
in the middle of the range of observations, so that for every
positive value of o there will be a corresponding negative value

of équat-absolute magnitude. Thus the sums of the odd powers

of a will all be zero.

If the number of observations be odd, the middle one will,
of course, be chosen for the origin, and the unit of the scale will
be the interval between successive values of x . If the number
of observations be even, the origin will be midway between the
muddle pair of observations, and it will be found more convenient
to take half the interval as scale unit. In the former case, o
will take all integral values between + 77 and - n , while in the
latter case o may take only the odd integral values.

If we set the sums of the odd powers of & in the normal
equations equal to zero, and solve them simultaneously, we de-

rive the following formulae for the literal coefficients:

XY EXTEY E X2
ZXZX-(EX2)*

_EXNEXLEXYEXT
ZXSZX*~(ZX°)?

A EYV-IXZXPY ZXP
ZXHZX°- (ZX2)?

EXYEXEZX Y EXT
ZXSZIX2-(nXY)?

B

The use of capital letters indicates that the equation has been re-
ferred to the arbitrary origin. _

In these formulae the factors involving [ must be com-
puted from t}}e observations, but those in which X alone occurs
may be tabulated for all convenient values of 7, Since Y does

not occur in the denominators at all, these may be tabulated in

the same way.
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Fiﬁa”y, the sign of G is determined by the direction in which
the curve approaches the asymptote =0, and this may readily
be told by inspection. But it not Inirequently happens that a
slight error in one of the observations may be sufficient to give
G the wrong sign. In this case the limits between which the
observations were taken must be changed, or a new value of k
must be tried, or the faulty observation must be adjusted by a
smoothing formula. It is obviously important therefore that some
means be provided for determining the sign of G before the
values of the coefficients are determined, ZXY  px®

The conditien that G shall he negative js ~=-=—— )-Z—XE—.
The second term in this inequality may be tabulated in the same
way. The accompanying tables show the values of the functions

MW _pE ol 2,
IX, ZX? nx! ZXS rx LX - (ZXE)E
EX“ZX*(ZX* )V and EX 42y x?
for all values of 7 from 0 to 25 when the number of observations
is odd and from O to 49 when they are even,
In the preparation of these tables, my thanks are due to the

Zoological Society of San Diego for the use of the facilities
afforded by its research department.
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