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CUNNINGIAM, A. (1874): ROBERTS, 5. (1874).

[An investigation of the number of constituents, e}em;:nﬁs, and
minors of a determinaut. Quart. Journ. of Sci., (2) 1v. pp.
212-228.]

[Question 1392, Ldue. Times, XXVIL PP. i»:’), 665 or Math. from

Times, xxi. pp. S1-83.]

i 5 88 8 220122 - number of
Cunningham devotes §§ 8-10 (pp. _’JO. 224 to_thc m} -
terms in devertebrate and vertebrate axisvimetric dctel'mman s.
There is an oversight, however, in his reasoning, and 'hIS‘ i‘fesull‘ts
are correct only as far as the fifth order.  He concerns h}lnse also
(§ 11) with the number of &-line minors in an n-line axisymmetric

determinant. A
Roberts’ differcnce-equation for the number of distinct terms

’ ' oy ! T (7 e |-
1w, gy — (=1, + 3 (n—=1)(rn—2) | Uneg (R 3)il -4 0,
and Caviev establishes it by taking his own, namely,

L A =D (=2 =

or, say, E,=0,

L= b,

and showing that the other i3
B - (i1, , = 0.

The tirst oichy values of v, he fiuds to be

S
’ - 5 1,0 338, 216 3106 Y
<@[’;§> —~= )2, 0. 17, 73, 388, 2161, 18136,

voberts himsell identifies the problem with that of finding * the
number of distinet ways in which 2» things, two of a sort, can be

made into parcels of 2.7

PAINVIY, L. (1874).
[Note sur la méthode délinination de Bezout. Nowv. dunules
de Math., (2) xiii. pp. 278-285.]
A clear exposition of the mode of obtaining the axisymmetric

eliminant of two equations in 7.
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SEELIGER, H. (1873). ¢

[Bemerkungen tber symmetrische Determinanten, und Anwendung
auf eine Aufgabe der analytischen Geometrie. Zeitschrife f.
Math. v Phys., sx. pp. 467-474.)

With the help of an unwieldv multiple-sigma representation of
the clements of a power-determinant Seeliger arrives at Sylvester’s
unproved proposition of 1852 regarding the ' power of an axi-
svinmetric determinant.  To this he adds the statement that the
four modes of performing the multiplication lead to the same result,
Another proposition is that the P power of a vanishing two-line
delerminant is acisyiunctric.

He next investigates the consequences of the simultaneous
vanishing of a determinant and one of its primarv minors, say the
determinant | ayb,c,d, | and B, Since all the two-line minors of
the adjugate must vanish, he has of course

0= 4B, = [ AB | = IA4B3[]
=GB [ = [(By | = | CsBs | [
= DBy = [D.By] = | DB |
and S0 = A8, = AB, = Ang

= (4B, = (B, = (,B, "
— DB, = DB, - DB, |

from which it Is easy to sce that

eithor 0=A4,=C, =D,

or O:Bl::BJ:B;p

The general vesult is that if « deierninant and one of its primary
minors, M, vanish, then the other premary minors which arve in the same
row of the adjugate with M must also vanish, or those which are in the
same column.  As a corollary it is added that when in addition A 4s
arisymmetric and M is coarial, there is no alternatire.

Following on this is a proposition less readily acceptable, namely :
If an n-line wwisymmetric deterininant and n-2 of its primary coaxial
manors sindtaneonsly vawish, then all the other PrIMary minors
vanisk also. It is at once seen that after the application of the

preceding corollary the only elements of the adjugate that require
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WOLSTENHOLMIE, J.
[MaTHEMATICAL ProBLEMS. .. 2" edition.

Under No. 1627 (1), (2), Wolstenholme gives

(1878).

x— 180 pp. Londen.]

20 asbadece
Fhoda =20 Doel| = 10+ e-a)(a b)),
e c-=h =2 |

. Cam e n L - e
and Ferrers” result of 1876, the Jatter of which includes No. 1627 (4).
No. 1630, =0 v asivis correct s identieal with a re<alt of (aldarera’s
of 1871, wid 1+ mchuded v one of Baltzer's of 1861 No. 10633

asserts that

1 COS cos (a4 3)  cosliet 3+Ey) |
, COS 1 ¢ns 3 cos (34 ) !
:f cos e+ 3) cos 3 1 CONy ‘
j cos («-FB+) vos (34 ) Cos l i

and all 1t primary ninors vanish, a fact which we may verify for

ouwrselves by showing that it equals
mi:]er'.\‘fn"’(u—{—g)'\'ihi(uﬂf—{'f—}—y)' 1

COS « 1 | i

u)_\(.(—{—:'ﬁ) | ] |
(t()\'(“_}",-j—:_ y) 1] |

SYLVENTER. J. J. (1879,

[Note on determinents and duadie disynthemes. Loerican Journ,

» of Malh., 1. pp. 3990, 2142225 or Collected Iedh. Papers,
1L pp. 206142807

] . ] - i LT

This interesting paper. which 1s based unconsciously on Canchy’s

expression of a substitution as a quasi-vroduct of circular substitu-

tions (fist., 1. pp. 101 301305) deals with the number of terms in

axisymmetrie and skew determinants.  In addition to previously

known results he asserts (p. 93) that if w, be the nwmber of distinct

terms 1n an " invectebrate” (Ge. zevo-axial) weisymneetric delerminant,

then ] i
”H = {’P _])(Un—Jh-:_Un—'Z) - ’_“()2_‘!)(”_—‘)”71—3:
thus giving 001,01, 6, 22, 130, 822, . . .

for the first seven values of u,.

=

@ 2.7

CHAPTER 1V,

SYMMETRIC DETERMINANTS THAT ARE NOT
ANISYMMETRIC, FROM 1862 TO 1879,

TrE two kinds of determinants that are here considered are ex-
emplified by

s (oot o, ! "‘1 E ] N
/’} ZI‘, 7):). l)_‘ : "Ll l.7 o ([4
])4- /) /;_-, 7!1 r/1 'I_’ i~ 414 .
! o o, Ly oy, ; oy , o !

In the first kind the " row from the end is, when reversed, the same
as the /" yow from the beginning,—a peculiarity which, as a conse-
cuence, 1s found also in the colwnns : a fitting narie for it is centro-
synmanelric. In the second kind each column has only two distinet
elements, one in the intersection with the diagonal, and the other
occupying all the remaining places. If cach row be multiplied by
the element which does not appear in the row, the result is an
axisymmetric determinant; for exarople,

STy B R B L U

\ « ”y (/“ an ) ”'_‘U'L (0 (., /72/_/,4 '

i Gy = oty e, aga o, RN
‘ fll r(: II;; ./'} U~1U1 ((4((2 (,_4,,3 (l4él,‘4

An 2-line determinant of the first of these kinds evidently involves
2n? variables when » is even and 3 (n*+1) when n is odd ; an n-line
determinant of the second kind involves only 2n.




280 HISTORY OF THE THEORY OF DETERMINANTS

arrives at formulae in which functions of both the forms { 1, [ ]
appear; for example,
(1LY =18 (2} +[12]- 43},
where [23], {1}, .. ..
(1, .. ..
We may note that Tanner might have expressed the odd-ordered
functions

stand for the complementaries of [23].

[123], [12345), . . . .

also as Pfaffians, namely,

% Y Ys | 20 M Y Ys Ya Us
1213 12 13 14 15

23 |, 23 24 25

34 35

15

ROBERTS, 8. (1879).

[Note on certain determinants connected with algebraical expressions
having the same terms as their component factors. Messenger
of Math., viil. pp. 138-140.]

Starting with Lagrange’s identity

(&% ar® he Faba P (E4af P HbEF L abE?)
= P*+al? 0P, —abP 2
where ' . :
P -
P, =
P, =
P, =

and considering the cousequences of

Eral 087+l

B
3

becoming 0. Roberts deduces the result

P ag,  b&  abgy
_Eél g —653 bf‘;’ | Eo 29 o 02
& é & & = (S”T”éln_\t“bﬁcl—_["abgix)

& s s g

_’53 —& & ‘f
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and in similar fashion

& a& abg, bg, acg, <& begg  abeg;
—& & V& b of of, —bot  be, |
—& —& 3 & g & —cf,  —c&
—& af, —ag §  acg; _056 ¢ —acf,
—& —§&  —bg —bg € & bE bg; |
—&  af, —abg: bés —af, & —bg abé,
—& a& af, —¢& —ag, & 3 —ag, ‘
_é‘:r _fv; 55 54 _Es ‘sé-z SI sc I

= (540" +abe,? 4087+ act? 4 &2 +-bel? +abed?)*

Of these two interesting determinants, R, and R, say, the former

1s seen to include Souillart’s of 1860, and the latter Svlvester’s of
1867.

Multiplying R, in row-by-column fashion by the determinant got

from R, on changing the signs of £, &, & he obtains a determinant

having

in the places 11, 22, 33, 14, and zeros in all the other places : further,

he asserts that all the primary minors have & -+af® +b&* +abd,?

for a factor, and that quite similar propertics are possessed by Rq.
It mayx be added that as the result of an investigation* made in

1879 Roberts convinced himself of the non-existence of an Ry,

SYLVESTER, J. J. (1879).

[Note on determinants and duadic disvnthemes.  American Journ.
of Math., ii. pp. 89-90, 214-222.]

[Sur une propriété arithmétique d’une série de nombres entiers.
Comptes Rendus . . .. Acad. des Sci. (Paris). lxxxvill. pp. 1297
1298.]

The greater part of the space here is devoted to the number of
terins In (the “denmuwmerant” of) skew and zero-axial skew deter-
minants. In the latter case the difference-equation is given as

wy = (n—=1)%u, . — Yn—1)(n—2)(n—23)1u,_,,

n—u

*See Quart. Journ. of Math.. xvi. pp. 159-170.  The paper also contains an
interesting sketch of the history of the problem of representing the product of two

sums of 2¢ squares as a swin of 27 squares.
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and thence the values of u,, w,, u, ug, . . . . as

Q '}70 -~ 1

6, 120, 5250, . .. ..
In the former case the values appear of course as sums of multiples

of u,, 2y, . . . .; for example, for the 7" order the value is

I+ Crsr1 4+ G y-6 4 6401205

0

3

and the first seven values are
1.2, 4, 13, 41, 226, 1072, . . ..
[ — |

SYLVESTER, J. J. (1879).

ISur la valeur movenne des coefficients dans le développement‘
d’un déterminant gauche ou symétrique. . . . Comples Rendus
..... dcad. des Sci. (Paris), lxxxix. pp. 24-26, 497-498; or
Collected I aih. Papers, iil. pp. 253-255, 257.]

In this is contained an improved form of one of the results just
chronicled, namely, that the number of distinct terms in a zero-

axial skew determinant of order 2n 1s

1:3:5. ... @2n—1)-2,,
where v, 1s deternined from the equations
v, = (2/'—1)””_1'—(}6“'1)'0,7_3, Vo = 13 Uy = L

or from the cquation (corrected)

v, = 1+ i 15U +15:9C F . g

=

A similar statement is made in regard to “ déterminants doublement
cauches,” that is to say, determinants which are skew with respect
to both diagonals and have both diagonals full of zeros. In such
a determinant of the order 47 Svlvester savs the number of distinet

terms 1s
2-0-60 0. An—2) e,

where 1w, is determined from the equations
w, = {n—>3w,_,—2nw,., w, =1, w, =1L
or from the equation

wy= 140+ 1:90,,+1-9:17C, . +. . . .}

—

L
]

— — — — R T

A > @370

SKEW DETERMINAXNTS (SYLVESTER, 1879) 2583

but the assertion is incorrect,* the number of distinct terms being .
2, 36 when nis 1, 2.

PAIGE, C. LE (1880).

[Sur les déterminants hémisymétriques d’ordre pair. Sitzungsh. . . .
bohm. Ges. d. Wiss. (Prag), Jahrg. 1880, pp. 125-127.]
[Sur une propriété des déterminants hémisymétriques d’ordre
pair.t  Nowv. Corresp. Math., vi: pp. 155-158.]

The property in question is Cayley’s of 1817, but is stated in the
form first reached by Bellavitis in 1837 (Hist., 1. p. 278). The
process of proof is at the outset that adopted by Trudi in 1862
(Hist., 1. pp. 288-289).

*If the coefficient of w,_, be changed into 2(» - 1), the two modes of determining
w, will be broucht into accord : but this is not all that is wanted.

7 The two papers cover almost the same ground.
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GUNTHER, 8. (1879).

1cl arste ler rveouliven Determinanten ans
[Von der expliciten Darstellung der .],(,j_[l‘lll,(‘ ] e
T Binomialeoofficienten.  Zettselrift [0 Matho v Phys.oxxiy
pp. 96-303.] | o
This is an attempt to proceed bevond Zeipel by following Zeipel's
own method. the quite general form
(a0
[ .
! 1 e a f: B oved
Loine taken for investication. In the first place a factor 13 IPT] l}
. N ; . \ Ny 3
from cach row and a factor from each column, so as to m]al e
. Y sterminant ¢ MU
clements of the first column of the reduced dt.tt}l,ﬂllllhl,llT all equ
to 1 and the clements of all the other columnmns free of fracrions .\,I
nul indi 1 : > g are supposed
the multiplications indicated in the reduced elements are suppose
1 thirdly, we are directed to use Albecaant -

agoresate

to be performec » ' .
theorem in order to express the reduced determmant as an
we are 1o

1

- C oW i cments 5 and lastls,
of determinants with monomial elements; o

’ 1 i deall 1 he cvo
trust to Nacwelshach for assistance m dealing with t
alternants. o
The outeome ix not very satisfying.

0 e U2 ®

CIHAPTER XX
ZERO-ANTAL DETERMINANTS, UP TC 1888,

WiAT was said in the introduction to the preceding chapter regarding
classification applies also in part here. In addition, it has to be
noted that as in the next twenty-vear period there is only one paper
concerned with zero-axial determinants. it is thought best to append
the report of it to the present chapter.

BALTZER, R. (1870).

[Theoric und Anwendung der Determinanten. . . . . 3te ver-

besserte Aufl. . . . . Vili+242 pp. Leipzig.]

In §4.2 (p. 29) Baltzer considers the question of the number
of terms in the final development of an »-line determinant having
all the elements of the diagonal equal to 0. Calling the number
Vr(n), he obtains the correct result
1

(n) = nt- n
‘,( ) nJ

(= ()

although making two oversights in the reasoning, and thence
deduces Stockwell's incidental result of 1860 (see p. 3 above),

V(1) = (n--1)(n) + (—1)n, (%)

the values of v (1). v/ (2). . .. being thus 0, 1, 2, 9. {4 265

By using Cavley’s development of 1847 he also obrains Stockwell's

dentity

noo= () = ml(n—1) + lu(n—1) (n—2) ... L1

Tt is important to note that the problem here dealt with is identical

with a much older one regarding arrangements, nanely, the finding
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of the number of permutations of n letlers subject to the condition that
no letter is to be in its original place. While studying this form of
the problem, Euler in 1809 obtained the recurrence-forimulae (9)
and the formula

G 1) = nhp ) =1

Similarly («) was obtained by Qettinger in 1837.%

WEYRAUCH. 1. J. (1871).

TZur Theorie der Determinanten. Crelle’s Jowr.. Lexiv, pp. 273 276

Weyrauch starts with the fact that the number of terus in

|y - . . @y, | which contain ay is (n--1)", and proves tha he
number containing @, or ay, or both together is
(n—1)"

4+ (n—1)1 — (n—2)".

Having proceeded n this way, he then performs a swnnation. wwl

Ands that the number containing one or more elements of the
diagonal 1s
uf{l —21:4-311—. e Gl D ”_:ll.
From this it at once follows that
\‘//(/)) = fzi{l —1 —i—;}z—:}lj—i—. L+ (71)”“‘1} .

that the mumber containing a particular set ol in drazonal el

is \b(n—m); that the number containing n diagond eleent

without restriction is (), (n —n2); that the nunher contuints
not more than m s 7

e

I

(). (1 — )

14

w=1

and that the number containing not less than m 15
o=

\\

2

M nt

(H)F \I’I(IJ —,lL).

w Netto's Lehrbuch der Combinatorik (Leipzig, 1901).
+ Putting w1 = 1 here we have the answer to question 45 of the N

de Math., xvil. (1838), p. 262 (see flist, il p. 171).

T

ey 3
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MONRO, C. J. (1872).
[Baltzer on the number of terms in a deterninant with a vanishi
- “l r 11 ~ no‘
diagonal.  Messenger of Math., ii. pp. 38-39.] o
B?b&d.e:\' pointing out Baltzer's faulty reasoning, Monro provides
a substitute. Bxpressing a zero-axial determinant of the (n-+1)m

OI‘der in terms Of Ai.}]( e Voang elT ¢ f t
b > el nlcnts Of th ﬁISt ' 2 i a ors
: e B I'OW > >
he ()bt,alns at once 1 o ,

V1) = nl(u) 0 (n—1)).
He then writes this in the form o
V(e +1)—(n+ 1) (n) = — ()= (0 — 1]
which leads finally to |
VD)= (DY) = (= 1) [ 2)— 20 (1)]
— (— ])”_I[l—”]
— (_1)77—1_

WEIHRAUCH, K. (1874).

[Zur Determinantenlehre. Zeitschrift }. Math. . Phys., xix
pp. 354-360.] S
After an introduction and a correction of Balizer —who had

corrected himself the vear before * —1Ve:
B Yed re,* —\Weih .
of the result ihrauch gives two proofs

L — '/'-‘v . 1 1
l; ( Z) " [l 1 + :)“_E';_'j'— v + (4]')’171'})
: I/

neither of ing shor 1
ither of them being short or atrractive. Usine the longer recur
rence-formula, he obtains of course ) )

Yin) = (=1)" (n), 1 .
(n),  (n =1y, 1

(//)ﬂ~1 (n— ])n—'_’ (7 * 2)'17—.:. . .. . | 1

(n), (n—1),_ (10— 2) .
. =2 ), 1
N R I STy

ﬁnd Hn‘ 1= l““ stay ]”ﬁ’," yomt m b()th cases
K L it (ies oL . —y=
20t e Giess dl Wi, L1p71a), Pp. 0% 3- i
- ! \)C 1pzig ) XNV 523-537.

.
=

I s e e o g s

=

e A, S g, g

" i

P P . .

g ans

rrgr
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CUNNINGHAM, A. (I8T4).

[An investication of the number of (‘onslfituents :

 Journ. of Sei.. (2). iv. pp. 212-228] ‘

In the sections (II1-VL) which concern zero-axial d.eternu‘na{lti‘

the fresh subject investizated is the nwnber of terms in an .njhmi

determinant havine r zeros in the diagonal.  One expiession obtainec
for this 1s

W) 4+ (n—r)pb(n—1) + (n—)al(n—2) +.

Qrrart.

as we should expect ; but by a process of *svmbolic nversion he
derives another therefrom, namely.

wl — (pn—=1) 4 (e(n—=2) —

which of course includes the famihar

n: :
\’/,(’,7) = 57y + .

There is also obtained a recurrence-formula. which we may write
in the form
U, = Uyt
N . . : . A ._~

Y5 an alfernative source for the second expression for i, there is
LD <« L < Pl ’ 4 .
] 1 Ing expansi : ‘terminant having 7 zeros
civen a very interesting expansion for a defernimant o
m the diavonal. namely.

N/ A . 1'. .‘ﬁ.l_\
S S s
Sy ax Uy

N ga )
- oyl =z »
L

Sty Ly -0 o

+.o

< R R

=
—lr(;])r‘/\.(”n”':: ce
~ N

where A s | @yas . . . @y | Although the truth of this ix sald to
. . B ) PTOR o Y . Are

be easily seen, it mav be well to note that the zere elements a
455 be in » i : that » _.are

taken to be in the first » places of the diagonal ; that . . = .{ |

i the i o last ternn 1s not requirect s an
not greater than 7 ; that the = in the last terniis !
that as an example we have

Mo, S (i
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|- o, U, (45

— Ll | =S, | hegde,|

o by, b1
) ), ) ) .
: S + > by eyl |
¢ c. . s o
1 2 4 )
; / — b | de |
. 1723 4 50
o, o, o, d, ol
T

The expansion in s limiting form,—that is, when
wight have been called by Cunningham a “symbolic inversion '
of Caxley's expansion of 1847 TH st i1, p. 42).

= N a—

DICKSON. J. D. L (1879).

[ Discussion of two double series arising from the number of terms
m determinants of certain forms.  Proceed. London Math. Soc..
Xopp. 120-122]

The first determinant dealt with is Cunuingham’s of 1874, The
same recurrence-formula is obtained, and others less important.
A table of the values of u, is eiven, althou
a table of the differences of 1-2-3 . . . .

The other determinant is that which has zeros in the ficst » places
of the primary diagonal and in the first » —1 places of the adjacent
minor diagonal. The number of terms heing v, ., it is stated that

1ah of course it is merely

o = U 20 L,
also that
Unon = (”‘1)(ll7l—5‘u—l+J‘)_;—‘_’.n—'_’) + 1
and the values ave tabulated as far as Pio -
Wenay note i passing that the W of Muirs papr of 1877
15 such that

N—Ln=l

/’I/J,:rh’ln—l_u—l = \P(H,),

HERTZIPRUNG, 8. (1879).

[Losning oz Udvidelse af Opgave 402, Tidskrift for Math.,
(4) it pp. 134-140.]

After a short statenent of the facts rezarding the simpler problem
Hertzsprung raises the question of the nanber of terms in o determinant
whose two diugonals contoin nothing but zero elements. Trom the
outset. however. he views it as the problem of finding the ninnber of




