S £ [NOV.em_bt i

~GS

.2rs, and where multiplicatior ©.
ation is given for the equar:
ymmutative, and X non-sinc’
,r a solution are obtained w
and determinants of the matric:

| nfsrthall Hell The Ohio

, of the Program Committee. T

srder, and metric axioms. Projoi-
~nalytic geometry is thought of .-
s such a part of metric geometry.
istruction of codrdinates could i
-al role. The theorem of Desargues
am a skew field, and on the other
f higher dimensions. The theorer:
0 the commutative law of multi-
1ns between projective geometri:<
e rings, groups, and the theory oi

OSTER BRroOKS, Secretary

NGS

0, December 31, 1948.

jo, @ ember, 1949.

iciati 9 with dates of future
Secretary.

hio State University, Columbus,
2, 1949

MA

NorTEWEST, Oregon State Uni-
;, Corvallis, Spring, 1949

LpEIA, Philadelphia, November
18 .

Mountaly, Colorado School ot
. Golden, April, 1949

1sTERN, University of Alabama.
rsity, March 18-19, 1949

:N CALIFORNIA, John Muir Col-
»asadena, March 12, 1849

TSTERN

Denton, Spring, 1949

New Yorg State, University of
e e o O ——— -
siN, Lawrence Caollepe. Appieton,

14, 1949

ON THE AVERAGES OF THE DIVISORS OF A NUMBER
OYSTEIN ORE, Yale University
Let # be some integer and let

&y

e pll PR pr
be its decomposition into prime factors. As usual we shall denote the number of
divisors of n by »(n) and the sum of the divisors by o(n) so that

“w(n) = (e + Dlaz+1) -+« (o + 1),

and
aj+1 ar+1
- 1 Y —
o(n)=2d=Pl————---£——————-
d/n Pl -1 Pr -1

The various means of the divisors may be computed easily from the formulas
that follow. For the arithmetic mean one has

(1) A=
v(n)
and for the geometric mean the result is
r(n)
(2) G(n) = 1/ I1d = +v/n.
d/n

Finally the harmonic mean is defined by
1 1 1

Him sl i 4

and since
1 n
n Z _—— —= Z d
d/n d din d dfn

it follows that

nv(n)
(3 H(n) = ‘

o(n)

The combination of the three formulas (1), (2), and (3) gives

in other words, the geomeiric mean of the divisors is the geonielric mean of lie
arithmelic and harmonic means of lhe divisors.
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616 ON THE AVERAGES OF THE DIVISORS OF A NUMBER [December,

One may now ask in which cases these means may be integers. For the geo-
metric mean this is trivial: The geomelric mean of the divisors is an inieger only

for square numbers. e .
For the other two means the problem is by no means simple. \We may ob-

serve first that both the arithmetic and harmonic means have the multiplicative

property 1
A(a-b) = A(a)-A(d), H(a-b) = H(a)-vH(b)

provided a and b are relatively prime. Thus oné may only look for the primitive
integral means, that is, such numbers that they are not the product of relatively
prime factors, each of which has an integral arithmetic or harmonic mean.

Let us consider the arithmetic mean in a few special cases. For an odd prime
p one has ;

A =1
2

and this is always integral, while p=2 is an exception since 4(2)=3/2 is not
integral. From the multiplicative property we conclude that every number
which is the product of different odd primes has an integral arithmetic mean of
divisors while in the case of different prime factors including 2 the mean is only
integral if one of the primes is of the form 4k—1.

One may consider also when the powers of a prime may have an integral
arithmetic mean of divisors. Since

pa+1 - 1

i Ty T A
(¢ — Dia+1)
this is a problem closely connected with the solution of the congruence

x* = 1 (mod k).

a9} =

We shall not go into details about this problem. In certain cases the arithmetic

mean is integral; for instance, : :
A(5%) = 39, A(5%) = 651

It can be shown that no power of 2 can have an integral arithmetic mean.

The corresponding problems for the harmonic mean seem more interesting.
In certain simple cases it can be established casily that the harmonic mean of

the divisors cannot be integral. We mention first:
For the power of a prime the harmonic mean is not integral.

If namely n=p= then
po(e + 1)
H(p?) = = :
petprid -+ pt1

Here p* is relatively prime to the denominator and since a+1 is a number less

¢ e e — T T
N T T g W

-
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armonic mean cannot be integral.

n=Pu§2...pr

where the primes are arranged in increasing order, and one finds

H(n) = —M.Zr'
(r+1).-. (¢-+1)

Let us assume first that z is odd, and let us write

Here the denominator
among them the quotie

-
< _3'(P2
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H(n)_——i'_”_p'_‘.
P1+1 Pr+1
2 2
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When # is an even perfect number it has the form n=2%-p so that »(»)
=(a+1)-2 and H(n)=a+1 is integral. When we have an odd perfect num-
ber it is known that one of the exponents in the prime factor decomposition is
odd so that ¥(#) i1s even also in this case.

By reaws a(t&; tobler oF 1. W 1. Glaisher giving the values of a(n} and ___

y(#) one can determine rather casiiv the values of n below 10000 for which Z/i 5.

is integral. One finds the {ollowing table:
S

TaBLE I
" H(n) v A(n)
§=0-3 2 3
g7 3 9%
140=22-5-7 5 28
2952315 6 45
496 =2¢- 31 5 99}
§12=2%3+1 8 84
1638 =2-30 713 9 182
2970=2-3%-5-11 11 270
6200=22-52- 31 10 620
8128 =28-127 7 11614
8190=2-3-5-7-13 15 546

It would be of interest to make a systematic examination of such numbers
up to higher numerical limits. This requires an extension of Glaisher’s Number-

divisor tables, a project which would be desirable also in connection with other -

number theoretical investigations.

There are, however, various methods by means of which one can construct
new numbers with integral harmonic means from given ones. Let us supposc
that » has this property so that '

nv(n) = a¢-a(n), a = H(n).

We multiply both sides by some number k relatively prime to # and writc
ny=k-n. Then one finds '
ny-v(iy) a-k-v(k)

el olh

H(my) =

Thus if the right-hand expression is an integer the number n; will also have an
integral harmonic mean. This mav again be examined by mcans of Glaisher's
tables. The values of a in the last column of the table given above lead succes-
sively to the following numbers:

e
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1.33.52.31

$.39-52.17.31
21521931

23-52-72.19. 31
2252721319
28-3-52.29.3)
2-52-19.31 - 37
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TABLE 11

n H(n) ] n H(n)
S ] 17 21-33-52.31-53 53
23824591 3. 00 29 20-13-127 ' 13
AHES mosabT 15 AR 27
23:39-52. 31 _ 27 B i s 45
293352 17 R s gy T 203, 13 g0y 51
28 32 1931 19 A B NF T 127 835
23-52-92.19.34 19 28-3%.5-1329-127 87
2. 52721819 31 91 25-32-13-53-127 53
23-3-52.29.31 29 20-32-5-13-89-127 89
28-52.19-31-37 : 37

Table I shows that there are eleven numbers below 10,000 with integral
harmonic mean for the divisors. Among these are the four perfect numbers be-
low this limit. One verifies simply that an even perfect number cannot have an
integral arithmetic mean of the divisors. However, if these are excluded from
Table I the remaining numbers have the property that also their arithmetic
means of divisors are integral. One might be led to the conjecture that this would
be a general property and the computation of Table II was executed with this
in mind. However, the number marked by an asterisk proved to be a counter
example. It is not perfect and its arithmetic mean of divisors is not integral. A
much more interesting conjecture, however, appears from our numerical com-
putations, as an extension of the famous conjecture for perfect numbers, namely,
that @ number with integral harmonic mean of dwisors must be even.

POLYGONS WITH TWO EQUIANGULAR POINTS
ARTHUR WORMSER, Riverside, lilinois

1. Introduction. In 1816 A. L. Crelle [1] discovered that in every triangle
ABC there are two points G and G’ such that 4GAB=GBC=GCA =G'BA
=G'CB=G’'AC=uw. After H. Brocard [2] rediscovered this feature in 1875, he
and other mathematicians found a great number of related facts [3]. Since then
the points G, G" and angle w have been called Brocard’s points and Brocard’s
angle. Interest in the subject remained at a high level for many years, and in
1886 R. Tucker [4] found that Moebius' harmouic quadrangle [5] has a similar
property. Although this type of geometry of the triangle fascinated quite a few,
all efforts failed to consiruet or calculate polygons with more than four sides
having two equiangular points [6] as defined above. In 1930 K. Hagge [7] pub-
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