Application of this result t

the second p: st i
o eation of ond part of the question gives

Il

" m+ Py sin (pt+qy),

Yu = na+ Py sin (pt + q,.).
Hence J=1nzZy, =Y +Psin(pt+q).......... . (2)
where. Y= :

<,- - \ The result can be generalized. For, i i
e : red. For, if ¢ varies perindically, th
x not simple harmonically, about the value & =0, we may 3:\\Tritsugh

& = 'z‘l (Acsinspt + Al cos spl),

=

& == '-21 (R sin spt + R cos spt),

\Yhere p.and the coefficients A,, AL, ... are determined from par
ticular circumstances. 1If, then, y = f(a, 2,) and b, = Hf’IE;a .
REEEN y = vy

therefore 7 = y,+ 0, s (A sinspt+ A cos spt)+
>

+0, i (Rysin spt + R, cog spt)+ .
= o+ f,{(bIA\ +..+0Ry+...) sinspt
, 4 (b,A,+.‘.+Z),»R§+...)cosspl} ...... ),
or ¥ =wy+Y, where Y is a periodic function given by the IFourier

se;x.esafm.;hf} right-hand sid? of (4). Tt can also be shown that y is
periodic 1t &y, ..., &1, are periodic, whether or not ¢, ..., £, are sniwl]
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flf P = the sum of the positive terms in the expansion of kx—y)"
and Q that of the negative, so that (x—y)w = P—-Q and
(T+y)" = P+Q, it follows that '

]Q) vy —(@—y _1=[x—y) (x+y)]*
' N G O L W Y N O
x\};ch, as n increases, tends to unity as limiting value.
o ow, if we .expand (Vz+1)" or (1 x—1)", we get the terms
ernately rational and irrational, and we can write the results as
(Ve +1) = ava+b,
and . (vVz—1)" = av/z—b or b—aur,
:cnccor;llmg as 7 is odd or even. In either case, our previous reason-
::ng shows that b/(a+/x) or (a+/z)/6 tends towards unity as = in-
reases, or b/a tends towards the value of +/z. I, thérefore we
’
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can casily determine @ and b, we can by this means obtain a series
of approximations to V. 7

Writing thesc approximations in the form b/a, we can, in the case
of certain square roots, obtain successive values of b and @ with com-
parative facility, and the series of numbers so .cbtained possess
many remarkable relations. When, however, ¢ is an odd number,
the values of @ and b are all divisible by powers of 2, and it is then
desirable to reduce them to the simplest ratio. Such series=wo
shall therefore speak of as ** reduced series.”

Also, (1/2—1)* and (+/3—1)* both tend to become infinitesimal
as 7 inereascs, so that in these cases ar/z and b must tend to
actual equality.* and thercfore (v2+1)* and (V3+1)* must
tend to 2b,, or a whole number, where b, is the nth term of the
unreduced series. :

The series of values for @ and b for certain surds arc given below,
@, and b, being the nth terms of the two series.

V2 Series.—
a1, 2, 5. 12,29, 70, 169, 408, 985. .. \/

b |1, 3,17, 17, 41, 99, 239, 577, 1393, ... ('5,3.}

These terms are connected by the relations

Ay = 20,1+ Q-2 by = 2y + bz

The ratio bja is alternately less and greater than +/2, and the 9th
terms give a result agrecing with +/2 to the 6th place of decimals.

The ratios of the various terms of both series to the preceding
terms approximate to +/2+1; thus both 285 and '22? agree with
2+ 1 to 5 places of decimals.

By doubling the terms of the b series, we obtain approximations

to (v2+1)n. Thus, taking the 8th term, we Lave
2 x 577 = 1154,
and (v2+1)% = 577 +408 V2 = 1153:999 to 3 places.

It will be noticed that a@.= @,-i+b.-1. In the above series,
however, we have also the relation

by = ut @y and  ba = (2a)P+ (=1)"
Also p: = 2+ (—=1)";
whence also
bow = 2%+ (—1)*" and 3B, = Gua—1.
1
3 Series.—The values of a and b for these series, beginning
with the second, being all divisible by pecwers of 2, we give the

reduced series, indicating above them the factors by which they
must be multiplied in order to give the values of (V3 +1)"

® This is not implied in the statement that b/(a V) or (avx)/b
tends towards unity as 7 increases.
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o)
Factor'! 2 1 3 16 332
— o
a |
6 f 1,02

- . - . ;
y DT, 10,26, T 9T, a3, 362, Q_. 'Lg 3
Thue o LI A '
us (V3410 - T0+6V8, 003+ 1)F = 1552+ 503 /3.
We note that

oo =D+ 00 0y bog= by A eyt

Alict I = e 5
Fr ot = Gt Gy gy Daw oy = Db, 4 b,

and approximations . <3 are - btained he

f sivies by orresponding femns of the 4w ox

o ¥

1.s of the

352 R N
265 - 1773206 ncarly,
Again, deubling the terms of i
5 13uin, : fing rh", ECT‘]'H\ of the & series and multiplving by the
PACTOT, e gel approximations o (34 1,0 Thus ’
44362 432 = 23168,
({nd /.) LLE Ty 26 S
(V3410 5323624209 .73, — 23167056,
")Thf: APProximabion 15 not <o close o5 in the
V3—1 isalarger fraction than 2— 1
The following relasios betwoen

V2 series, because

terms of the two series Laav be
noted ; [PV )

b el = oy + 20

& Sertes. The two series of niambers aseocited with this surd
e £ 2 . M X ‘ e
are by far the most remarkable and interes <o but the series oi
e s g 7 ) - e
below are reduced, and e
budans/h = 2w (L5410,
The series are as follows —
LN L2038, 5, 8, 18, 20, 31 25w \/
T P = e T e
Pl s T, ISy 29, 4T, T, 123, 199 /

) .
A e very e i H

e very casily written out, since cach teau beginning with the
srd - the sum of the two preceding. ’ .

A Fhis i< also characteristic of suceessive powers of 1 ‘54 1)

since it s a root of the oquati 2 o, ,
. ) he cquation 27 = 24+ 1, and, the

equation  w” o =ty pe-z, o therefore, of the

Thus {3(vh+1) - =

:12 %(\/5+1)+1=£(3+ \/5}.
Vo) - 1

B+ VB +L(V5+1) = 1(14+2./5), &e.

~ 1! m'/tln:r, since 2 (V5=1) s a fraction less than unity, and
2076 =1) iz also a root of the same cquation, so that succes iy
powers of this quantity are obtained in the same fnshim; »iL re‘::i‘lef
f(vl'lnws that b, and @, /5 must tend to cquality. Hence ”—,( 5+ 11) 3‘
being (j'quwl o 2 (hu+aur’5), it follows that b, itsclf ;;ust be )
approximation to the value of [1 (v5+1))". L

Thus by = 123
and [5 (/54 1)1 = 1 (123455 ./5) = 122:992.
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There are many peculiar relations between the terms of these
two series, t.e.,
(1) bn = Qu-1+aAu+1; (2) a, = gbu-‘.’_

i
Thus 55 = §of 47— of T = 1 (282—17) = 232,

bu-i-

and, in connexion with this, we obtain a very close approxiina,tion
to the nth term of the @ series, i.e., )
SIH(VE+ Do B (3 (VB )
Thus, applied to determine @, we get 55°0036.

(3) Savt+1l =y Zb+3=0by.
1. 1

Hence, approximately,
Sa, =8 L(vo+1) =33 vh+) i1
1

2 i 2 2
(4) o = G+ Gy Qo = G — Aoty G = aabi,

and Uy = b, + (_ 1)
Further, (5)  ba = B4 (—1)-1x2.
Thus Doy — 521742,

Tt will be found that b as agrees with /5 very closely, i.e., to
10 places of decimals.

6) @ =1 tbur+ (=1 U= b be g+ (=10 X5,
and, finally, 0 = 54+ (=1)"4.

Thus the @ scries approximales very closely to a geometrical
progression, the common ratio being }(v5+1); yet the b series
gives the actual approximations to [ (v5+1)]", the differences

between b, and [} (v5+1)1* to 3 places of decimals curiously

involving terms of the @ series in the decimal figures.
Serics for +/6 and V10, inter alia, may be written out as follows:—
V6. ;
@] 1,2, 9, 28 101, 313, 1189, 4088, .. E=— 25321
b |1, 7, 19, 73, 241, 847, 2899, 10033, ... &<=— 25273

where = 20+ 5,0, by = 20,1+ 5by .

AlSO = @uoy - bucy, G = 20,0y by = @ut B

\/10~
@1, 2,13, 4%, 205, 806, 3457, .. €&—2 §34-

b |1, 11, 31, 161, 601, 2651, 10711, ... <— 25326 |

in which @y = @1+ baiy by = by + 1060

“Also @ = 2a0bu, by = @+ 9 1.

The approximations, however, as  increases, are less close than

those of the above series.
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VT Series.—

a

1, 4,11, 23, 79, 148, 533, 977, 3553
I 8933, 16280, 59359, 108199, .
23627, 13079, 157039, 286276, ...

b
Cd'fvé‘—b _S{_
b

Relations :

a™ s Qg+ 31y ay, = on 1+ By s -

2,

(2N 2b2p + 302, - ;o by = bon_1 +8bo,, _..
—_——————

18076. (w. N. Biatoey.)—The internal bisector of the angle be-
tween the tangents from g point P to a conic passcs through a fixed
point A. Show that the locus of P is the cubic which passes
through A, the foci of the conice, the feet of the perpendiculars from
A on the axes, and the fect of the normals from A. Show also that
A is a double point of the cubfe, the tangents there being at right
angles, and that the asymptote is parallel to the line Joining A to
the centre of the conic, Sketch the curve.

Solutions (I) by Prof. J. Nansox ; (I1) by C. 12, WriGy.

(I) The line AP js clearly a tangent at P to one of the two con-
focals through 1>, Ve therefore require the locus of the points of
contact of tangents from A to the confocals. That this locus is a
cubic with a double point at A s readily scen. For one confocal
can be drawn to touch an arbitrary line through A, and the point
of contact can be qf A only when the arbitrary line touches at A
one of the fio0 confocals through A.  The cubje locus is clearly also
the locus of the feet of normals from A to the confocals, and there-
fore obviously pusses through «ll the boints mentioned, A sketch
of the curve is given in the solution of Quest. 17853, Educational
Tnes, Scptember, 1915. '

(II) The tangents drawn from (v, ¥) to the conic (ellipse)
et + 470 = 1 make angles 5, v, with the Z-axis given by

N

—?

B

— 99 o
tan o + tan y, = ﬂ, tan y, tan 5y = L=V
- 2

If 6 is the slope of the internal bisector of the angle between them,
tan2~ =2y
(@ =0 — (2 =37
If this bisector passes through A (h, k),
tan 6 = (y—k)/(x—1) ;
. 2(y—k)(x—n) —2xy
and therefore = (e = e ——,
(.v—]z)-—(y—k)- (a-—b-)—(w-—y-)
or (z-h)(y-k){aﬁ—b‘:—(xﬁ—y'-')} +xy{(z—h)‘-’—(y—k)?} =0.

9

L)L 5. 8,81, 55,208, 368, 1345, 9449 & 2. 3L
, 64814 >é* 2837
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This is the equation of the required locus; ithcﬁlarlyo?li;lsiis kt)o
‘ : 1 ’ 1
hir gree in x, 7, and passes along throug e points
[;le()t)hl(l(()l ?‘jor(ei 11/]((L°;/b2), 0]. By definition of the logus, 1t' must
(p‘ll,ss tyhro'urfl"x the fect of the normals from A to tlfletlcon;i: ;h:ls(}:ra(‘z
lso i 1 The terms of the thir g
also be verified from the equation. t A »
‘irzo(kx—hy)(x'-'— i7), and the asymptote is casily shown to be
’ ylk—all = (=62 + 13).

a g he second degree becom
Referred to A as origiun, the terms of t 0. ome
Xy ((I'— b d— I+ ]1/") + Ik ("Lz—y‘), and hence the nodal tangents are

[ :

at right angles. 4
! Irfoeithergh or k is zevo, the locus reduces to one of the axes, an

i ; ic is circular).
a circle (the above cubic is circu .

When 7. = 0, the locus is 2 = 0, and the circle
i 4y =k)—ket =0 S -
(where 7?2 = eyl ¢ =al=07).

i i the
As E varies, these circles envelope the f(?c1, as is c?ear from
eqﬁation ; or by forming the envelope, which becomes
+in
r=dce ",
i e i r=4c, 6 =0,
of which the only veal points are . : . dod.
A rough sketch of the cubic in a particular case is appen
o

a=2, b=1, h=k=1. .
P, Q, feet of normals from A (only two be.mg real). .
R S' ft)::i B, M, other intersections of conic and cubic.

18082. (W. F. Bearp, M.A. Suggested by Question 18(:2;7{)-1;
If the si.des of a triangle reflect the oppqsite cor.nelrs on to a straig
i line, the nine-point centre lies on the circum-circle.
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