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DONALD E. KNUTH

Fletcher Jones Professor
Departient of Computer Science
Telephone [115]} 7231367

January 18, 1980

Prof. Louis W. Shapiro
Department of Mathematics

Howard University é
Washington. DC 20059 ( 00

Dear Prof. Shapiro, J

Thanks for sending the reprint of your paper with Donaghey that survevs the Motzkin numbers [JcrT
A23 (1977), 291~ 301] —

[ happened to notice that the sequence v, you mention on page 293 is precisely halfl of the sequence
that Euler called a “memorable failure of induction” in 1765 (sce the answer to exercise 7.356 in Con-
crete Mathematics. and reference 91 in the bibliography): The numbers are F,_j(F,_, + 1)/2 for
n=20.1273,....8, but then the pattern stops!

[ found this by noticing that (1 — z)* — 422 = (1 - 3x)(1+ x), hence the generating function in your

equation (7) can be dmded by 1+ 2z and you still get essultlally a polynomial mnltiple of the generating
function for the 3's. Indeed,

Tn = %(3/3'1 - /du-l-l)-

From this, or from your equation for M, at the bottom of page 293,

my = %(36,1 + 2ﬁn+l - .Bn+'.’)'

Thus Euler’s numbers 3, give a nice “basis” for both the Motzkin numbers and their =+ relations. Since
the generating function for (3,) is
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we have the asymptotic formula

Ba =3" 3 (1+—+0( ))-
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To Prof. Louis W. Shapiro January 18, 1989
(See the answers to exercises 9.44 and 9.60.) This gives asymptotics for m, and 7,

Cordially,

Donald E. Knuth
Professor
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