Evaluations of several series in the base e™

Sela Fried

In this note we provide proofs for several values of power series evaluated
at e~™, which appeared in a recent paper by Plouffe [3].

Theorem 1. We have
> A081362(n)e ™" = e /24218, (1)
n=0

Proof. Let A(x) = Y.,° ,A081362(n)z™ be the generating function of the
sequence A081362. It is well-known that

n=1

Substituting z = e~ in A(x), we see that (1) is equivalent to
oo
H —(2n— 1)7r) — 6777/2421/8

Recall (e.g., [2]), that for every complex number 7, with Im(7) > 0, the
Dedekind eta function 7n(7) is given by

n=¢ L0
n=1

where ¢ = €2™7. We have ¢% = ¢2™(27)_ Thus,

[e.9]

H(l _ an) ( 1/24 1/24 H =g 1/12,'7(27_)'

n=1

Hence

- oony _ e (=q") g /*n(r) _ (7).
[L0-a"Y = i) = e = ey @

n=1
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Now, let 7 =i/2. Then, ¢ = e~ ™. It follows from (2) that

00 B B . 2)
1 — e @n-Dmy _, 7r/2477(l/' ' 3
1 ) et (3)
It is well-known (e.g., A091343 and A248190) that
L I(1/4) o T(1/4)
ﬁ(l) - 271'3/4 ) 77(2/2) - 27/871'3/4’ (4)

where I is the gamma function. Thus, 1(i/2)/n(i) = 2/8. Substituting this
into (3), we obtain

(1 - 67(2n71)7r) — 677r/2421/87

n=1

completing the proof. O

Theorem 2. We have

> I'(3/4)?
> " A000712(n)e ™ = e/ 1223/4(%). (5)
n=0

Proof. Let A(q) = .77, A000712(n)¢™ be the generating function of the
sequence A000712. It is well-known that

Ao = T (1_1(1)2 — ¢ 2(r)2, (6)

where 7 is a complex number such that Im(7) > 0 and ¢ = €?™". Set
7=1/2. Then g =¢e ™.

> " A000712(n)e™™ = A(e™™) = e/ 12(i/2) 72, (7)
n=0
Using (4), n(i/2)~% = 27/473/2)T'(1/4)?, we obtain
i~ 27/471_3/2
—mn _ —7/12
;Aoomu(n)e e« e (8)

Now, by Euler’s reflection formula (e.g., [1, 6.1.17]),

T(1/4)0(3/4) = ﬁ — V2.

Solving for T'(1/4) and substituting in (8) finishes the proof. O
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Theorem 3. We have

00 - 'J%

A00401 ™= .
; 004018(n)e NEINE
Proof. Let A(q) = >.,;2,A004018(n)¢" be the generating function of the
sequence A004018. Tt is well-known that A(q) = 93(0,q)%, where 93(0,q)
is the Jacobi theta function (e.g., [1, 16.27.3]). Substituting ¢ = e~ ", we
obtain

00 2
> A004018(n)e ™™ = ¥5(0,¢ )% = (Z e—“"2> . (9)

n=0 neZ
By a formula in A175574, the right-hand side of (9) is exactly +/7/T'(3/4)2,
and the proof is complete. O
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