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AT&T Bell Laboratories, Room 2C-376, P, 2 g 7
600Mountain Avenue,
Murray Hill, N.J. 07974 g zz,%;i?
Dear Neil, IL+ﬁ2;
To save your having to wade through the ‘%)
enclosed, I enclose a copy of the article referred to, '

and I highlight,items of possible interest in the enclosed
table: /

e leading ’agoniy/g 3 diagonals above it are
Sloane ## 644, 583, 1132, 14T6. They can pow be extended

to the candffcal two lines. You may wa to add more
diagonals. Rows 1 and 2 are Sloane ## 173 & 522, You
might want to add further rows

@
\/1, 6, 15, 29, 49, 76, 111, 155,... —7 $2%6
5, 20, 49, 98, 174, 285, 440,... —7 S22
o Zdp N, 22, 71, 169, 343, 628, 1068,..._5 § 2.0/
1, 20, 90, 259, 602, 1230, 2298, 4015,...

which are given to about enough terms to fill two lines.
Best wishes,

Yours sincerely,

L
. / |
,-7(] ulj /é{( é{, }\,&f J

RKG:1 Richard K. Guy.

encl: Math. Mag. article
letter to Moritz & Williams
Table )
pp.94-97 of Netto)
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Professors Roger H. Moritz-and Robert C. Williams,
Alfred University,
ALFRED, N.Y. 14802

Dear Roger Moritz & Robert Williams,

T write in connexion with your
note in the February Math. Mag. The maximum members of the rows i
of your Table 1 comprise sequence #655 in N.J.A. Sloane's A \L\-(,
Handbook of Integer Sequences, where they are called Kendall-Mann
numbers. The references, which I haven't pursued, are to
F.N. David, M.G. Kendall & D.E. Barton, Symmetric Function and
Allied Tables, Cambridge University Press, London, 1966, and to
IEEE Trans. Electroniec Comput.19 (1970) 1226.

The leading diagonal, n = k41, _ﬁ'ﬁ? E;ﬁ
of the table is sequence #644 in Sloane. The reference is to i

E. Netto, Lehrbuch der Combinatorik, 1901, 1927, reprinted Chelsea,

page 96 where your Table 1 occurs, with rows and columns interchanged.
Netto (and Sloane) gives only one more entry than you do, but the
beginnings of several more columns (your rows). I have extended the
table quite a bit and enclose a copy. I will also copy this to Sloane,
so that he can put more terms in sequence #644 in his second edition:

1, 1, 2, 6, 20, 71, 259, 961, 3606, 13640, 51909, 198497, 762007, 2934764,
11333950, 43874857, 170193528, 661386105, 2574320659, 10034398370,

Some other diagonals of the table might qualify for inclusion in Sloane's
next edition, as well as some (more) rows (your columns). At a second

look, I find that he does have the next three above the main diagonal
(sequences 583,1132,1416) but none below. For the rows he bhas sequence 173,
of course, and sequence 522, but no others.

Netto also gives the recurrences
equivalent to your Theorem 3. He also gives formulas for what T will
write as I(n,k) for kK < 6. This is an adaptation of his notation:
your pointed bracket notation is used in some not unrelated parts of
combinatorics, I think for Gaussian binomial coefficients in partition
theory. Indeed, there are probably connexions with "g-series", where
the q, curiously enough, is (formally) the same as in your article.
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After a lot of experimentation I was able to combine his
formulas into a single formula, which presumably extends to all k,
though I have checked it only for k =19. It is not a closed formula,
because the number of terms is unbounded, but, as their number is only
about v8k/3, it is quite practical. The pentagonal numbers which occur
are well-known in partition theory (see for example Euler's theorem,
Theorem 353 (page 284) in Hardy & Wright's Introduction to the Theory of
Mumbers 4th edition, 1960) and I will also copy this to George Andrews,
who can confirm that the formula is well known to those who well know it.

~

I(n,k) =5 (-1 [ (n = k)

n-1+ k- %r(3r+l)
n-1

where the sum is taken over those (positive, negative and zero) values
of r» for which %r(3r+l) = k. TFor example,

n+15} n+141 n+13 n+10}  fn+81} n+3 n}
reser = [ - P - () [0 10 - 1)

It is possible to correct the formula for values of n < k,
and the following examples presumably extend in the way suggested for
the main formula:

For 1 =71 = k=1, add 1 - [ré} _ .{kél]

For 1 =n = k-2, add n = [”Il] _ [Bl} _ [kilT _ [kaz]
ez = (9] [7) (- 19 - 19 - 19
For 3 =n = k-4, add [n;a’ - {’“2“21 - ["1“1] - {;l] _ [kng B [kf}
For 4 <n = k-5, add [nf’w - [”;'3\ - [”*2'2] - [kzl]’ _ [kgz] - [k53]

As you imply in your article, it would be nice if this array
of numbers appeared in other contexts. At a cursory glance, the other
references that I've found seem, essentially, to address similar
situations.

Yours sincerely,

-"/({i%d@ \K/\/%?f/ '

RKG:1 Richard K. Guy.

P.S. [Stop press] The formula follows almost immediately from Euler's
theoEem and your generating function. We want the coefficient
of x'° in the expansion of
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(14) (Lazta?) o.v. (L4, . .40 D)

(1-z) (1-22) (1=z3) .... (1-z2H)
(1c)"

= (by Euler's identity, a suitable truncation of)
y

o) 1 ’ _

Y (-H? xzr\3r+l) (I-) n

_ zm C—l)r x%p(3r+l) E (n—l+s] xs
0

for I(n,R),

and the formula given in the body of the letter, pops out (summation

over 8, with s + %P(3r+l) = k).

It would be nice to find a purely combinatorial proof, like
Franklin's proof of Theorem 358 in Hardy & Wright. Perhaps a Ferrers's
diagram with binomial coefficients instead of dots?

encl: Table
pp.94-97 of Netto

pc. G.L. Alexanderson
N.J.A. Sloane
G.E. Andrews
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