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THE ASYMPTOTIC NUMBER OF THREE-DEEP )
< LATIN RECTANGLES

| ’ By

S. M. KeErawarLa

(Recetved Jun-e b, 1947)

A recent paper by Erdés and Kaplansky (194(5) estublishes the following ssymptotic
expansion for the number f(n, k) of n by % Latin rectangles:
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the existence of which was previously conjectured by Jacab (1930). For k=3, the ex-
pansion reduces to

Comparing the value of
no 2n?

with the exact value of U, given kby me (1941) for n < 25, Erdés and Kap]ansky show
that the first three terms of their expansion provide numerical results accurate to four
figures for n>20, whereas MacMahon’s (1915) operator or my difference-equation
(Kerawa]'a, 1941) or Riordan’s combinatéry formula (1945) would require heavier

. computations. .
"L However, the method by which Erdés and Kaplansky derive their general asymp-
totic formula lacks the power for pushing their series any further. The method, if
pursued, may with luck give the coefficient of n7% but there appears to be no hope of
obtaining the coefficients of higher terms by their method. The purpose of the
present paper is Lo derive the higher terms of the asymptotic series when k=3, '
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! i Tn my earlier paper (1941), T have shown that U, salisfies the {ollowing difference
- equation :
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| I substitute @ . .
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n~% 073 nmY, L. on both sides and simplifying, T obtain:
1+, Cat: THE ‘ =0
c 4+38a,+2a, o ' =9,
" 1048a, +6a, + 84, ' : =0,
20 +23a, + 17a, + 10a, + 4a, =
96 + 684, + 51a, + 824, + 154, + 50, , S =

=82 +197a, +1068ua, -+ 104a, + 54a, + 21a, + 6a,

=462+ 5200, + 596a.. + 805a, + 193a, + 84a, + 28a, + Ta,

— 2064+ 1017a, + 21650, + 1414a, + 728u, + 880a, + 123a, + 36a, + 8a,

—17607—484al¢75)1a + 588680, + 2962a, + 18264, + 528¢, + 172a, + 45a +9(19 =0,
— 55048 —22507a, +2’818a +‘)4968(1 +13295a, + 57070, + 2279q, + 8014a, + 2324,

'bh” \,QS “ete. ete. ete, -
I find

On solving these,

+5509+100,0 =0,

g S e =-1, 6!a, = 6901,
% 2la, = -1, ' 7! a; = 38366,
?u 3'a, =2, - ) 81! ag

]

= -1899687,
4! q, = 49, 9! a, = —133065258,
_% (563 . 5la, =629, 10! a,,= — 6482111309,
Hence,‘ . ‘ete. / o ete, - ete.
[(,8) [ 1_1 ., 2 49 620 6961
(n1)? n 2n® 3!n* 4!n' 5!a% 8lnS

38366 1899687_183065253 6482111309
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7n7 - 81nd 9! n? 10'7L‘°'

The first thaeL terms are identical with the three terms of the Frdss- Iva.plfmsky e\pansxon
The series may be pushed further to any desired exteat.
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assuming the expansion convergent for n>n,. On equating the coefficients o
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I. Wir un;
(1) DBesteh
die Summe
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Exempel :
+ (= 7+ 89)* teill
(2) Bestel

(ma)*+(4

Setzt man nun
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i Ezempel :
(=24 419>+

"N.B.! Bei(l)ur

(8) Ista+
~ dann gilt

Exempel :
also gilt
(—1
(-1
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