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Solutions and Comments

Two more of our vroblems have received the John Eickard treatment. In no. 11
it is not possible to place less than 16 coins flat on a table such that each
of the coifs touches exactly three others; moreover the solution for 16 is
unice,  In no. W the sa» can always be opened in kn=] movez, as was alsg
oroved by Michael Giles. The Hickardlan comment on no. 12 was, "Does this
mean, 'is this the c¢n?y orediem which takes a mathematician time pronortional
to his ability to solve?'?", Tnr~identally, I challenge any anglicisi to

criticise my use of punctuatisn here.
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11, W& w.» a greph-theory notation with a wvertex repr-:i=nting ea

ining touching coins. Then the soluti-n will be a pla

girth at least seven, all of whrnse ve have degree three.

Define a cn: ~cted srrang:nment of at three coing "0 be 'sim-le' iff

(i} every vertex has degree as r-:t and “ry non=houndary vertox
e agre= eyacily three and

i1} the subgrach of baundary verii.es

in ordey, each nccurs exactly onoe and

in that order.

Alsa, deafine a =imple arrangenent *+n bo 'ipart'! 1€ it
cyery veriex has degres three, Tt may ouickly be scen that an inert evar
has at least Four non-boundary coins, and at Jeast “welve on the houndary,

and that thi=s is unique.

Any nan=s'mrTa sa'ytior may be

a hipher 'rwel) whoge werticgr:

iniqineg tamethrr

reiz may he proved by industioa boaon the boundary af the

the tun wavs in which it can violate simolicity, hreaxing it in two,

Any simnle arranpgement cam Dle of heing an endwvrviox of such a tree must have
at 1rast 13 coins, hence any aonsimnle solution mist have at least 26 coins,
and thags hounds are attained. Thrs there is nn soalutinng with fewer than 16

coins, and that wilh 16 is uninue, up t0 graph isomsrphizm,
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14, The protlem can always be solved in the minimal number of moves, namely
’ *"4n-1. For consider a directed graph whose edges represent the k? n-letter
ves, and whose vertices represent the kﬂ_l (n-1)-letter codes, An edge
goes from x to y iff x forms the first and y the last n-1 letters of the code.
Then each vertex has exactly k edges going in to it, and k coming out. Hencea
there exists a directed Euler circuit, ie one which nasses along each

directed edge exactly once. This may be seen to solve the problem.

The proof of this well-known theorem runs as follows. Suppose a circuit has
been found, which passes along each edge (in the correct direction) at most
orice. Then if it is not an Euler circuit, there exists an edge not im it.
The terminal vertex of this must have at least one ‘'spare' outgoing edge, and
it may be seen that another circuit can be constructed. If this has a vertex
in common with the previous one, join it on In the obvious way by ‘rerouting'.
Otherwise, since the graph is comnected (as may easily be szen to be so in our
case), there 2xists a path from one circuit to the other which is disjoint from
them. This may be extended to another circuit in the same way, and joined
likewise to both of them. In either case a strictly bigger circuit has been
found, and since the graph is finite the process termirates, giving

an Buler circuit.
(14.,2) Suppose now we restrict the sequence of digits (ai) such that
4,6, 0.,

¢ .2 a. for i=2
25.0€ 332 34, Sl

Is the solution the same?
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Problems

15. Varlous people have interpreted QAKHCH I as meaning that one or all of the
problems 1 to 6, or even the entire text, was due ic Mavrk King, our President
in 1979~80. 1In fact only the wording of no. 4 was his, but this problem is
certainly due to him, and bears his name. Given a tectangular bar of chocolate-
covered toffee, describe how to cut it with two plane cuts into three pleces

each with the same amount of toffee and chocolate.

16. This one was posed by Dr. David Singmaster at a recent TMS meeting. Find
the general rectangular prism all of whose edges, face diazonals and body
diagonals are integers. He would also like to find Ramanujan's taxi no. 1729,
and the venue. (see, for example, Martin Gardner's "Mathematical Puzzles

and Diversions”, p. 92)

17. This problem was posed by Professor Churchhouse at the first SMP lecture
given to honour that year's British IMO team in September 1978, and two years
later in his Presidential address to the-Maths & Physics section of 2he British
Association. Find the smallest number, k, sucn that every natural number, n,

2
may be written in the form n=a" + b3 F oanx F rk, for natural numbers a,b,...,r.
18. Dr. John Mason asks, Is it possible to partition a circle 1nto congruent
pleces such that the centre lies %a the interior aof a piece, or at least not

on the boundary of every piece?

519, Stephen Ainley i® looking for an explicit (non-recursive) formula for

— T o = n = ” 1
the sequence defined by a, 1, Da; . where Da. = a7 That is,

starting

| A
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39225510808 774160

g 20, ®inally, Dr. Mason also asks, must a convex 3D solid, all of whose

shadows (projections) have the same area, be a sphere?
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