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Specifications of Small Simple Graphs

We now define and tabulate twelve invariant properties for the small graphs of
Chapter 1. One further property, complementarity, involves some graphs not shown in
Chapter 1 — the disconnected graphs. Complementarity is the relationship between
two graphs each of which has exclusively the edges that the other does not have. So
the complement ~G of a graph G is the graph obtained by edging all the nonadjacent
pairs of vertices of G and deleting its former edges. For example:

Notice that one of these is disconnected, the other connected. A pair of comple-
ments may also both be connected, but both may not be disconnected. To see why
this is frue, observe first that for any pair of vertices in a connected graph there must be
some path connecting them. We can take this as a definition of connected. Now
choose any pair of vertices A and B in a disconnected graph. If they are in different
components (the connected parts of a disconnected graph), then the complementary
graph will connect them with a single edge AB. If on the other hand they are in the
same component, then the complementary graph will connect them with a path of two
edges leading from A to a vertex in some other component then back to B. Since A and
B are chosen arbitrarily, this satisfies the definition of connected.

Theorem 3 Every disconnected graph has a connected complement.

Included among the following definitions are several more theorems stated here
without proof.

DEFINITIONS and SYMBOLS

Two vertices are ADJACENT if a single edge connects them.

B The vertices of a BIPARTITE graph can be partitioned into two sets, X and Y, so
that every edge of the graph has one end in X and the otherin Y. Equivalently,
the vertices of a BIPARTITE graph can be painted with two colors so that no
vertex is adjacent to a vertex of the same color.



ke

kv

Theorem 4 A graph is bipartite if and only if it contains no cycles of odd length.
(see definition of cycle below)

A TRAIL is an alternating sequence of connected vertices and edges, beginning and
ending with vertices, in which no edge is repeated. A closed trail begins and ends on
the same vertex.

An EULERIAN graph has a closed tfrail that contains all of the edges of the graph.

A sub-EULERIAN graph has a trail with distinct ends that contains all of the edges of the
graph, but is not Eulerian.

Theorem 5 A connected graph is Eulerian if and only if it contains no vertices of odd
degree, and sub-Eulerian if and only if it contains exactly two vertices of odd degree.

A PATH s a trail in which no vertex is repeated — a trail that does not intersect itself.
A CYCLE is a closed path.

A HAMILTONIAN graph has a cycle that contains all of the vertices of the graph. This
cycle is known as a spanning cycle.

A sub-HAMILTONIAN graph has only a path that contains all of the vertices of the graph.
(spanning path)

A PLANAR graph can be depicted on a planar surface in a way that permits edges to
appear to infersect only at vertices. Note that it will not necessarily be drawn this way.

The GIRTH of a graph is the length of a smallest cycle of the graph. The GIRTH
FREQUENCY is the number of smallest cycles. Thus 4:3 indicates that a graph has exactly
three 4-cycles and no smaller cycles.

The DISTANCE between two vertices is the length (in edges) of a shortest path
connecting them.

The DIAMETER of a graph is the maximum distance occuring in it.

The EDGE CONNECTIVITY of a graph is the smallest number of edges the removal of
which can disconnect the graph.

The VERTEX CONNECTIVITY of a graph is the smallest number of vertices the removal of
which can disconnect the graph. A complete graph cannot be disconnected this way.

Theorem 6 Denote the smallest vertex degree in a graph by 8. Then kv < ke <.

The CHROMATIC NUMBER of a graph is the minimum number of colors required to paint
its vertices so that no vertex is adjacent to a vertex of the same color. Thus for bipartite
graphs y = 2. The EDGE-CHROMATIC NUMBER (not given in the specifications) is the
analogous concept for edge painting.

Theorem 7 Denote the largest vertex degree in a graph by A. Then X <A+,
and the edge-chromatic number equals either Aor A + 1.

COMPLEMENTARITY — The COMPLEMENT (~G) of a graph G is the graph obtained by
edging all of the nonadjacent pairs of vertices of G and deleting its former edges.
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r SYMMETRY GROUP — the group of automorphisms (adjacency-preserving vertex
permutations) of a graph. Group names are given in standard notation: Zy, for cyclic
groups, Dy, for dihedral, S, symmetric, i for the identity group. A x B for Cartesian
product, and A(B) for wreath product.

Theorem 8 The group of any graph is isomorphic to the group of its complement.

Theorem 9 The number of distinct ways to assign the labels 1 through v to the
v vertices of a graph G is
vl

ord T'(G)

Commonly used names for special graphs are denoted by the following symbols:
Pn — the path of n vertices (n - 1 edges)

Cn — the cycle of n vertices (or edges)

En — the empty (edgeless) graph on n vertices

Kn — the complete graph on n vertices

Km,n — the complete-bipartite graph on sets of m and n vertices

Ki1,n — the star on n edges. n + 1 vertices

K: st — the complete tripartite graph on sets of r, s, and t vertices

Wh — the wheel on n vertices (2n - 2 edges)

Special characteristics of graphs are occasionally noted under or instead of a name.

Besides complementarity and degree sequence, no specifications are given for
disconnected graphs because the above definitions either apply to their connected
components or do not apply at all.

Note that in a complementary pair the sparser graph is on the left, the denser on the right.
Graphs of a fixed number of edges are arranged by degree sequence — right-odometrically
for sparse graphs, left-odometrically (write it backwards and use numerical order) for dense
graphs. Because of Theorem 8the symmetry group is listed only once for a complementary
pair,
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