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thus a random variable defined to the.space of all Egil,7q/
pairs (p, g), pem(s), g€ Y. C?‘?*(x) = (p,g) 1s the event

: > x F(x) = g and the process “§ arrived at g by passing

-~

fhrough the sequence P . It is clear that for all g é//

P'(‘F(x)=j‘)=Z ?((S)T(?‘h(f,j)).
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The theorem can now be stated. In the statement of
the theorem " ¥ " represents the cperation of convolution.
Thecorem: Suppose assumptions (1)-(7) hold. If for each q €y

¢(G) = const. = o(g) for all Geg, then &% 1s Markovian and

) A Y - X ;
P(j’,xm' o) =2, [WM)J S Y *01(3(‘)6 )

F*"?‘j) k )
k-4 ol
; Gy
., = £ SIS 1Tre ] c¢ch £ i 4 Tl sy s - -
gﬂ g, where for each fixed g £y ) T\(i/¢7/ e fe
i 17, 2
A8 & propability mecasure ov ‘er the space y . ¢ 7

The proof of this theorem will be covtainea in a paper
yet to be published entitled, "The Concept of Enchainment--4
Relation Between Stochastic Processes., "

},‘- ‘

rd
s

74 Bayard Rankin
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CALCULATION OF NUMBERS OF STRUCTURES CF RELATIONS ON FINITE SETS

A table of rumbers of siructures of dvadle relations
Ras been calculated on Whirlwind -I. The problem was taken uvp
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}l's and O0's in the 1incidence 111::1‘0;(*1}(.2 With no further restric-
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GRADUATE SCHOOL RESEARCH

primerily to test a multi-register arlthmetlic program for manipu-
1atiﬁg numbers of arbitrary length. Thus, we obtained exact
integer answers to this prbblem, even though these results are
as high as 1000. The results are given here completely written
out, although they have primarily curiosity value.

The problem, as described in a previous report, [2] , con-
cerns dyadlic relatlonships holding among a set of n objects.
A complete relationship 1is specified by an n x n matrix of 1's
and O's, a one in the 1Jj place indicating that element 1 béars s
the relationship to element j while a zero indicates the absence ;
of such a relationship. Counting the number of structures of E

relations amounts simply to counting the admissable arrays of

N

tions, we see that the answer 1s 2" , but in this figure we

-

have included many "orbits" of iscmorphic structures which can
be permuted 1nto one another by renumbering the objects of the
set. The task at hand is to find how many orbits of non-
isomorphic structures exist. Davic ''1] hos shown that thic

number is

(1) str = > ulm) 24 ()

™ " i

where the summand 1s to be evaluated for one permutatlon, 7, from
each conjugate;class of the symmetric group of.'permutations on

n objects. Evéfy member of a conjugaté class has the same
distinct disjoint cycle scheme speclfled by

(Pys Poseves Py)

where p, 1s the number of cycles of length k in the permutation.
The totgl number of conjugate classes 1s the number of partitions
of n into integral summands. The quantity b(m) is the redundancy,
cr number of member pefmutations in cne conjugate class and 1s
given by

Py Po

b(r) = n!(1 © py! 2

n -1
1 'veeean pn.)

Poe
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The quantity d(w), known as the number of "degrees of freedom"

connected with

d(m)

(h,k)
Davis has

the permutation m, 1s defined by
n

n
= 2 D7 v, v (K
k=1

h=1"

=2 ) by () kak

h«<k

= greatest common divisor of h,k
developed other formulas for enumerating spécial—

ized classes of relation:
"Nonfisomorphic reflexive (or irreflexive) relations

ref =
“n

Non-isomorphic

sym

2

symmetric relations

)
Zb('n') stym(W
T

[E]= greatest integer function

Nonilsomorphic irreflexive (or reflexive) symmetric rela-

tions

16
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Non-isomorphic anti-symmetric relations

asym_ = il E::b(v) Bdasym(v) .
7
n .
Qo™ = 2L oy {[552] + (o112
k=1 .
' £ ) oppy (k)
' hek .

Incidentally

, note~that rern is the number of-directec grophs

on n nodes and irsn is the number of non-directed graphs.
A1l these formulas have been evaluated for n ranging up

to 16 and-the values are given in the accompanyilng tables.

Asymptotic Formulae - Inspection of the various enumeration

formulae given above shows that the dominant contribution to

the total number df structures 1s due to just one of the par-
titions. This partition is the one consisting of n l-cycles
and corresponds to the identity transform of the group of
transforms of the incidence matrix. Taking this term from

each of the formulas we have

strg ~ 2% /ni
ref  ~ 2n(n—1)/n'
n n
5(n-1)
irs =~ 2 /n!
n
§(n—1) .

™
()]
e
=
o}
2
N
~
o}
1
—Q
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To show the accuracy of these approximations, we give Table VII
as a representative tzble. It appears that the asymptotic
formulae are good to about one per cent 1f the true structure
number 1s of the order of 10-° and are (naturally) better for
larger structure numbers.

M. Douglas McIlroy
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.‘i TABLE I Numbers of Structures of Re}ationships 7
'Hj kb PIlstnxmnES ,reflexive Symmetric ;;gigéiféve’“symmetric
3 - ;‘ stry el %M, trs, | asymy |
< 2§ 10 | 3 6 2 2 !
1 50 10b .16 20 4 | 7
E | 41 304y 218 90 11 E 42 =
i 5: 2.9197 102 | 9608 5k 54 I 582
?’ '6! 9.6929-107 |1.5409,10° | 5096 156 521480
% 7' 1.1228 10718.8203.10% | 70261 1044 I2.1423.10% |
§ 8 A.583o.1olff1.793u,1012§2.2086 100 | 12316 55.7502.108 '
i L g 6.6666/1010§1.3028x10 16 1.1374. 108 2, (467:105 ;4.1594-1011
ol 5.4939.1023 54126+ 102011 092610 Ofl 2005-107 18.1601 10%%
¢ 11{ 6.6605 1028 3.2523.1025 1. 0564 1012 1. 0190-107 | 4.3744 1018
12 5.6557.107% 1.1367 107 65234 101 16509 10 16,4540, 1072
| 0137 9.0169 1001 1.4669-1057 4 . 0sk0 1017 5.0502 1077 2.6378 10°7,
i 14 1.1521- 1048 7.0%16-10"3 4. 7057 1020 2. 9054-1016‘3.0037v10325
1 15 4.1253.109° 1.2583. 1051 1. 0231 102" 13, 1426 1072 9.5773.1077;
(_' 116 5.5343-1063§8.u4 6 1058 4.1788 i027 6. 4001-1022;8.5888»1043?
<
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| sy MNP
% " TABLE II Numbers of Structures of Dyadlc Relations® /
| _
i‘ n N strn + 2
'; L 1 2 [
2 10 S
3 104 §
i 3044 2
| 5 2 91968 | ke
& S— B
E . iy gaEEg SIR2g o
P P — - S £ S %
4 Gogs eela Pl %
T e o g o
90545 4gzh 8391 6185
o e SR 1&212— 35%35: %ﬁﬁ_/__
' - 85078 18075 85386 36288
‘ N L6557 I5648 25869
8o06se Qx112 65511 4256
13 Q01685 91267 11300 76041
' 19117 62528 56061 48096
14 1152 05015
57604 T#157 55389 - 3kelv
43236 77230 31kl 28672
15 4 123%5h L1401 68606
_ 79295 18834 69376 48648
(. 20973 59863 65854 35136
16 5534
25727 62971 20722 05192
57533 09620 02145 19348
896U 2 93721 27215 80752
H
© :
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TABLE III
n
1
2
)
4
5
6
7
8
9 13
10 341260
11 o
| 09385
12
25400
13 146
, 69037
14 . |
56566
06555
15
ony88
99188
16 8h4l
87807
86915

20
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179
02795
43195

05588

11
57443
69085
09607

15234
97990

12
67281
12349
60738
17815
03432

29725

15
8820

23591
68243

61111
26674
38940
69271
53162

99952

40912
58345
04228
0%206
34225
32315
37883

Numbers of Structures of Reflexive (or
irreflexive) Dyadic Relations

ref

16
218

5608

Logi L
33480
92848
99552
80352
25229

STHEO

54308
o4224
29298
20928

70351

13855

17920
26155
58105
83008
80541
89171
67872
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TABLE IV Numbers of Structures of Symmetric IZJ_:\IE‘;(:X:L:;'};2 F%0 &
Relzaticns ' '

i

O O~ VWl &= W =3

)
(@]

i
N
L]

-l
e

] 1!':' . H_
' 15 W"
16 41788492 03082 02323 60582 29792
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TERA
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Numbers of Structures of TIrreflexive (or
reflexive) Cymmetric Dyadic Relations

- 640

29
31426
01015

16
5050
05415
48596
70452

120

10189

50911
20313
56572
38043

75578

irs

NN N

11

156
1044
12346
74668

05168

97864
72592
67952
25488
08768

94928
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TABLE VI HNumbers of Structures of Antisymmetric
Dyadic Relations

n asymn :

1 1
2 2
> T
4 42
5 582
6 21480
1 21 42288
8 | 5750 16219
9 41 59392 4%0%2
10 81600 THL90 11040
11 437 40620 99707 4731Y
12 - 645
39836 - 93872 oT7497 39356
1z 26% TTO8T
35571 22500 90533 73126

1 | 300 36589 61589

- 80530 05349 84508 193399
15 957 72686 34898 11549
49990 83757 - 92075 81003

16 : : 8588

' 84182 49161 16546 - 12893
38402 27902 Z2h71 4unay

23
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L TABLE VII Comparison of Asymptotic Structure
Formulae with True Formulae
| n=7 | n = 10 n= 15
I’L . approx. ‘true approx. | true approx. true
% valus= value value value value value
strf 1.117 10M1[1.123 101 |3.803 10%9) 5,500 1052|4.123 1077 [k, 123
! ref_ 3.411 10°°13.413 1029]1.258 1021 |1.258
sym_ | .993 101%}1.093 10%°]|1.016 10%%|1.023
f irs_ | .970 107 j1.201 107 |3.102 1079[3.143
*c asym_ 8.140 10*}8.160 10 9.577 1077 |9.577
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