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Abstract

Examples of canonical polygons with 2-fold rotation symmetry.

Introduction

Canonical polygon

From the description of A052436 the following rules must be true for a canonical
polygon:

1.

2.

The vertices lie on a point lattice.

The edges consist of straight (vertical or horizontal) steps of unit length or
diagonal steps (at angles which are multiples of 45 degrees with respect to
the lattice axes) of length sqrt(2).

No two consecutive steps may be taken in the same direction.
No edge intersections are allowed.
No point may be a vertex of two edges.

It must be closed.

The number of distinct canonical polygons with n=3, 4, ..., 18 sides are 1, 3, 3, 9,
13, 52, 140, 501, 1763, 6785, 25571, 99907, 392230, 1564989, 6297892, 25601641,

In the following we will use CP as a shorthand for canonical polygon or just call
it "polygon".



1.2 History

The concept canonical polygon was (as far as I know) invented by Roland Kyrmse
and others in 1977 at the Universidade Federal de Santa Catarina, Florianopolis
/ SC / Brasil.

2 Properties of canonical polygons

2.1 The interior angles

The six different angles that are possible between consecutive edges are numbered

AN D N

The angle is 45 degrees times numbers 1-7. The number 4 is not used because of
rule 3, and not the number 0 because of rule 5.

2.2 Sum of the interior angles

The sum of the interior angles is 180 % (n — 1) degrees, or 4 x (n — 1) in 45 degree
units.

2.3 Restrictions on number of straight and diagonal edges

Straight edges (those parallel to one of the axes) are (1,0), (—1,0), (0,1) and
(0, —1). Call the number of such edges z,,x_,y,,y_ respectively. Similarly for
the diagonal edges (1,—1), (1,1), (—1,—1) and (—1, 1) and call the number of such
edges dy., dse, dpw, sy TESPEctively.

In order for the figure to be closed, the contribution from all the edges must
add to (0,0). This means

In the x direction x, — x_ + dye + dse — dpy — dsiy =0

In the y direction y; —y_ — dpe + dse — dpy + dsy = 0

Consider the total number of straight edges: =y +x_ +y. +y_.
Substitute x_ and y_:



= T4 + (‘/I;—&— + dne + dse - dnw - dsw) + Y+ + (y+ - dne + dse - dnw + dsw)
= 21’+ + 2y+ —|— 2d8€ — anw
which is even, so the number of straight edges is always even.

It follows from this:

1. The number of straight edges is even for all n.
2. For odd n the number of diagonal edges is also odd, and vice versa.

3. Canonical polygons with all straight edges are only possible for even n.

3 Representing canonical polygons

3.1 Angles plus start direction

A natural way to represent a polygon is the sequence of angles in the mathematical
positive direction (counter-clockwise).

For example, the triangle A is represented by "211".

However, the drawing must start with straight edge (the edge in East direction).

Starting with a diagonal edge to the NE will result in > which is not a proper
CP.

To mark this difference, a 0 for straight and a 1 for diagonal starting edge is
appended. In the first case we then have "211.0" and in the second "211.1".

Sometimes both start directions are allowed

as in "2222.0": E and "2222.1": . 'To make it easier for the human reader,
the angles are displayed in groups of three, for example "2.222.0".

3.2 Uniqueness

The above representation is not unique. For example, the triangle can be repre-
sented by "211.0", "121.1" or "112.0".

Therefore the numerically largest of the of the possible values will be used. This
means cyclically shifting the angles (equivalent to rotation), and reversing the
order (equivalent to mirroring), all the time keeping track of the initial direction.
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This representation then uniquely describes a CP and thus it can be used as a key
to detect duplicates.

3.3 Drawing

For clarity, the starting edge is drawn wider than the other edges. If the key is

A

drawn it is placed below the CP. For example

211.0
Reflection symmetries axes are shown as gray lines: XL or %
211.0 2.222.0

Rotational symmetries are drawn with a filled circle for 4-fold

or an unfilled circle for 2-fold i p .

521.521.0

2.222.0

4 Canonical polygons with 2-fold rotation symme-
try

The sequence begins 1, 3, 9, 33, 123, 513, 2077, 8759, 37184, 159508, 688446,
2993451, 13082724, ... with offset=2.

The identifying key is shown for n < 12.

For each n, the polygons with smallest and largest area are shown separately
followed by the remaining ones. The area values given must be divided by 2 to
give the true area for a lattice with 1 unit straight edges.



5 Polygons with 2-fold rotation symmetry only

5.1 For n =4 there is 1 polygon

5.1.1 With smallest area (2) there is 1 polygon

£

3.131.0

5.2 For n =6 there are 3 polygons

5.2.1 With smallest area (4) there is 1 polygon

4@7

521.521.0

5.2.2 With largest area (8) there is 1 polygon

%

332.332.1

5.2.3 For other area sizes there is 1 polygon

4

332.332.0



5.3 For n = 8 there are 9 polygons

5.3.1 With smallest area (6) there are 6 polygons

oyt e g

53.225.322.0 62.316.231.0 62.316.231.1
53.315.331.1 63.216.321.0 72.217.221.0

5.3.2 With largest area (10) there are 2 polygons

e

52.325.232.0 53.225.322.1
5.3.3 For other area sizes there is 1 polygon

2y

53.315.331.0

5.4 For n = 10 there are 33 polygons

5.4.1 With smallest area (8) there are 15 polygons

B TEL T g

5.315.253.152.0 5.352.153.521.0 5.523.155.231.0 6.153.161.531.0

3

6.251.262.512.1
6.153.161.531.1 6.225.162.251.0 6.252.162.521.0

6.315.163.151.0



' 7.233.172.331.1

6.332.263.322.0 7.152.171.521.0 7.232.272.322.0 7.323.173.231.0
7.323.173.231.1

5.4.2 With largest area (18) there is 1 polygon

G

5.333.253.332.1

5.4.3 For other area sizes there are 17 polygons

A
N

5.252.952.522.0 5.315.253.152.1 5.325.153.251.0

5.252.252.522.1

5.332.353.323.0 5.332.353.323.1 5.333.253.332.0

5.325.153.251.1
D
[
6.225.162.251.1
6.233.262.332.0 6.233.262.332.1 6.323.263.232.0



e R

6.332.263.322.1 6.333.163.331.1
6.333.163.331.0 7.233.172.331.0
7.332.173.321.0

5.5 For n =12 there are 123 polygons

5.5.1 With smallest area (10) there are 44 polygons

e N%

535.322.535.322.0 551.531.551.531.1
535.331.535.331.1 552.521.552.521.0

Friar Ty

553.331.553.331.1

616.151.616.151.0 621.551.621.551.1
553.151.553.151.0

@) —o0Oe—o

626.231.626.231.1

<

-#o

625.322.625.322.0 626.231.626.231.0
631.622.631.622.0

632.252.632.252.1 632.513.632.513.1 632.612.632.612.1

>

633.161.633.161.0



633.161.633.161.1 / %
635.231.635.231.1

635.132.635.132.0 635.321.635.321.0

ERTIN

652.331.652.331.1
651.521.651.521.0 661.331.661.331.0

653.321.653.321.0

A AR

715.331.715.331.1 716.231.716.231.0
715.151.715.151.0 716.321.716.321.0 721.631.721.631.0

Gyt

723.512.723.512.1

713.531.713.531.0

722.351.722.351.1 722.531.722.531.1
725.132.725.132.0

hy % st g

725.231.725.231.1 731.621.731.621.0
731.531.731.531.0 731.531.731.531.1
726.221.726.221.0

Gy g 3 A

732.512.732.512.1 751.331.751.331.0

733.151.733.151.0 735.221.735.221.0



752.321.752.321.0

5.5.2 With largest area (26) there is 1 polygon

533.333.533.333.0

5.5.3 For other area sizes there are 78 polygons

i

525.251.525.251.0

532.352.532.352.0 532.352.532.352.1
532.523.532.523.0 533.252.533.252.0 533.252.533.252.1 533.351.533.351.0

oy @
e

533.531.5633.531.0

=8
N\

533.522.533.522.0
533.522.533.522.1
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it

535.151.535.151.0 535.232.535.232.0 535.322.535.322.1
533.531.5633.531.1

Sy v Sy

535.331.5635.331.0 552.251.5652.251.1
551.531.551.531.0 552.251.552.251.0

N
<>

552.332.552.332.1
552.332.552.332.0 553.232.553.232.0 553.331.553.331.0

B E B

623.261.623.261.0 623.351.623.351.0

615.251.615.251.0 615.251.615.251.1

$h oip ash

623.522.623.522.0 623.531.623.531.0
623.351.623.351.1 623.522.623.522.1

g

625.151.625.151.1
623.531.623.531.1 625.151.625.151.0 625.232.625.232.0

11



3

625.232.625.232.1

S

631.532.631.532.0

L

632.261.632.261.0

0

632.522.632.522.

S

632.621.632.621.

N\

633.323.633.323.1

625.322.625.322.1

1ol

631.532.631.532.1

oy

632.351.632.351.0

it

632.522.632.522.1

e

633.251.633.251.0

1

633.332.633.332.0

625.331.625.331.0 625.331.625.331.1

%

632.252.632.252.0

%

632.513.632.513.0

ot

632.531.632.531.1

631.622.631.622.1

e

632.351.632.351.1

0 632.531.632.531.0

e

633.251.633.251.1

e

633.332.633.332.1

0
633.323.633.323.0

o

633.512.633.512.1
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TEL L T

715.331.715.331.0
633.521.633.521.0 635.231.635.231.0 652.331.652.331.0

D g5 A

722.621.722.621.0
722.522.722.522.0 722.531.722.531.0 723.251.723.251.0

722.351.722.351.0

G L

723.251.723.251.1
723.332.723.332.0 723.521.723.521.0 725.231.725.231.0
725.321.725.321.0

o T

733.322.733.322.1
732.521.732.521.0 733.322.733.322.0 733.331.733.331.0
733.232.733.232.0

733.331.733.331.1

5.6 For n = 14 there are 513 polygons
5.6.1 With smallest area (12) there are 131 polygons

(50 samples)
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5.7.2 With largest area (46) there are 2 polygons

&

5.7.3 For other area sizes there are 1701 polygons

(100 samples)
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5.9.2 With largest area (74) there is 1 polygon

L

5.9.3 For other area sizes there are 33965 polygons

(100 samples)
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5.10.2 With largest area (92) there is 1 polygon

D

5.10.3 For other area sizes there are 149958 polygons

(100 samples)
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5.11 For n = 24 there are 688446 polygons
5.11.1 With smallest area (22) there are 28247 polygons

(50 samples)
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5.11.2 With largest area (106) there is 1 polygon

5.11.3 For other area sizes there are 660198 polygons

(100 samples)
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5.12 For n = 26 there are 2993451 polygons
5.12.1 With smallest area (24) there are 84620 polygons

(50 samples)
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5.12.2 With largest area (126) there is 1 polygon

5.12.3 For other area sizes there are 2908830 polygons

(100 samples)
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5.13 For n = 28 there are 13082724 polygons
5.13.1 With smallest area (26) there are 253303 polygons

(50 samples)
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5.13.2 With largest area (146) there is 1 polygon

5.13.3 For other area sizes there are 12829420 polygons

(100 samples)
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