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Nested sum version of the Girard-Waring formula (a summary)

Wolfdieter L a n g 1

This is a summary of the formula given in the author’s 1998 paper [3] as Theorem 1. There it has
been called Girard’s formula, but its general form, in terms of partitions but not given explicitly in the
nested sum version of that paper, is due to Waring [6], [4]. Girard [2] gave the formula for up to N = 4
indeterminates.

The first elementary symmetric polynomial of the n-th power of N indeterminates is also called the n-th
power sum pn(N) of {xi}

N
i=1 or the one part symmetric function in [4].
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xni = pn(N) , for N ∈ N, and n ∈ N0 . (1)

The trivial case N = 1 will not be considered, and in the following we omit the arguments of the

elementary symmetric functions σ
(N)
j (x1, ..., xN ), j = 1, 2, ..., N , of the N indeterminates, and σ

(N)
0 :=

1.

The explicit Girard-Waring formula in terms of N − 1 nested sums is given in [3], Theorem 1 (we change
the notation a bit):

pn(N) =





∏−→N−1

k=1





maxik(N,n)
∑

ik=0

(−1)(N−k) ik







 Comb
(

N,n, {ij}
N−1
j=1

) (

σ
(N)
1

)n
N−1
∏

p=1







σ
(N)
p+1

(

σ
(N)
1

)p+1







iN−p

,

(2)
with the directed product indicating the nested N − 1 sums starting with the outer (left) sum with index
i1 and ending with the inner (right) sum with index in−1. The upper summation indices are

maxi1(N,n) =
⌊ n

N

⌋

, and maxik(N,n) =

⌊
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, for k = 2, 3, ..., N − 1 .

(3)
The (positive) integer combinatorial number (due to the fundamental theorem of symmetric functions,
and the fact that pn(N) is an integer symmetric function with all coefficients 1) is
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These combinatorial numbers Comb
(

N,n, {i)j}
N−1
j=1

)

are with the sign factor (−1)
∑N−1

k=1
(N−k) ik the co-

efficients of partitions polynomials of the elementary symmetric functions σ
(n)
j (x1, ..., xN ), with the

partitions of n. The terms of this formula follow a certain order of partitions. We prefer to rewrite the
terms in the Abramowitz-Stegun (A-St) order [1], like in [5] A115131. In another ordering of partitions
the coefficients are given in A210258. The right hand side of eq. (2) has homogeneous terms of degrees
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m(n), where m(n) gives the number of parts of the partitions of n. This is a generalized Chebyshev

polynomial of the first kind t
(N)
n (σ

(N)
1 , ..., σ

(N)
N ) starting with largest power 1 ·

(

σ
(N)
1

)n

, followed by non-

increasing powers m(n), if the reverse (A-St) order of partitions is used. The number of terms is given
by the number of partitions of n with no part ≥ N + 1. E.g., n = 6: the partition 13 3 corresponds

to
(

σ
(N)
1

)3
σ
(N)
3 , homogeneous of degree m = 4. This is the eighth partition in (A-St) order in row 6

of A115131 with coefficient +6, or the fourth partition in the reversed (A-St) order. In the nested sum
version for e.g.,N ≥ 4 it appears however as fifth term. In A210258 it appears in row 6 as third term.
See the reference to Lidl and Wells, and Lidl given in [3] for Chebyshev polynomials in N variables.

Special cases for N = 2, 3, ..., 5 are given in A132460, A325477, A324602, A307449, respectively. For
these special cases the rows n are given in the reverse A-St order omitting all partitions which have parts
larger than N . They correspond in A115131 to row n, read backwards, omitting all partitions with parts
> N .
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